
Memo December 5, 2007, from KS

This is continuation of Memo November 29, 2007. The limit of another nested

class of the ranges of stochastic integrals with respect to Lévy processes is considered.

Lemma. Let 0 < α < 2 and µ ∈ L∞(Rd). Then
∫
Rd |x|αµ(dx) < ∞ if and only if

Γµ((0, α]) = 0 and
∫

(α,2)
(β − α)−1Γµ(dβ) < ∞.

This is proved in Step 7 of the proof of Theorem C in Memo Nov. 29. It follows

that if 1 < α < 2, µ ∈ L∞(Rd), and Γµ((0, α]) = 0, then
∫
Rd |x|µ(dx) < ∞.

Definition. Let 1 < α < 2. Let L
(α) ]
∞ (Rd) denote the class of µ ∈ L∞(Rd) satisfying

Γµ((0, α]) = 0 and
∫
Rd xµ(dx) < ∞.

This class L
(α) ]
∞ (Rd) is closed under convolution, but is not closed under conver-

gence.

Theorem B′. Let 1 < α < 2, p(u) = u−α−1e−u, and g(t) =
∫∞

t
p(u)du for 0 < t 6

∞. Let t = f(s), 0 6 s < ∞, be defined by s = g(t), 0 < t 6 ∞. Define

(16) Φf (µ) = L
(∫ ∞−

0

f(s)dX(µ)
s

)
.

Then the domain and the range of Φf are as follows:

D(Φf ) = {µ = µ(A,ν,γ) :

∫

|x|>1

|x|αν(dx) < ∞, γ = −
∫

Rd

x|x|2ν(dx)

1 + |x|2 }

= {µ = µ(A,ν,γ) :

∫

Rd

|x|αµ(dx) < ∞,

∫

Rd

xµ(dx) = 0},

R(Φf ) = {µ = µ(A,ν,γ) : ν(B) =

∫

S

λ(dξ)

∫ ∞

0

1B(uξ)u−α−1hξ(u)du,

B ∈ B(Rd),where λ is a measure on S and hξ(u) is a function

measurable in ξ and, for λ-a. e. ξ, not identically zero,

completely monotone in u ∈ (0,∞), and lim
u→∞

hξ(u) = 0,
∫

Rd

xµ(dx) = 0}
Moreover,

D(Φf ) = {µ ∈ I(Rd) :

∫ ∞

0

|Cµ(f(s)z)|ds < ∞ for z ∈ Rd}.

This result is in Theorems 2.4 and 4.2 of [S06].
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Theorem C′. Let f(s) and Φf be as in Theorem B′. Let

Rm
f = Rm

f (Rd) = Φm
f (D(Φm

f )), m = 1, 2, . . . .

Then

I(Rd) ⊃ R1
f ⊃ R2

f ⊃ · · · ,(17)
∞⋂

m=1

Rm
f = L(α) ]

∞ (Rd).(18)

Proof. Steps 1, 2, 3, and 4 of the proof of Theorem C do not need any change,

except to replace “Theorem B ” in Step 4 by “Theorem B′ ”.

Step 5. Let m be a positive integer. Let µ = µ(A,ν,γ) ∈ I(Rd) and µ̃ = µ( eA,eν,eγ) =

Um(µ). Let us show that µ̃ ∈ D(Φf ) if and only if µ ∈ D(Φf ). The “if” part is

already proved in Step 4, but the following proof shows it again.

Assume that µ ∈ D(Φf ). Then Theorem B′ says that
∫
|x|>1

|x|αν(dx) < ∞ and

γ = − ∫
Rd x|x|2(1 + |x|2)−1ν(dx). The discussion in Step 5 of the proof of Theorem C

shows that
∫
|x|>1

|x|αν̃(dx) < ∞. Further,

γ̃ =

∫ 1

0

um(s)ds

(
γ +

∫

Rd

x

(
1

1 + |um(s)x|2 −
1

1 + |x|2
)

ν(dx)

)

=

∫ 1

0

um(s)ds

(
−

∫

Rd

x|x|2ν(dx)

1 + |x|2 +

∫

Rd

x

(
1

1 + |um(s)x|2 −
1

1 + |x|2
)

ν(dx)

)

=

∫ 1

0

um(s)ds

∫

Rd

x

(
1

1 + |um(s)x|2 − 1

)
ν(dx)

= −
∫ 1

0

ds

∫

Rd

um(s)x|um(s)x|2
1 + |um(s)x|2 ν(dx)

= −
∫

Rd

x|x|2
1 + |x|2 ν̃(dx),

where the last equality comes from the formula ν̃(B) =
∫ 1

0
ds

∫
Rd 1B(um(s)x)ν(dx).

Hence µ̃ ∈ D(Φf ).

Conversely, assume that µ̃ ∈ D(Φf ). That is,
∫
|x|>1

|x|αν̃(dx) < ∞ and γ̃ =

− ∫
Rd x|x|2(1 + |x|2)−1ν̃(dx). Then

∫
|x|>1

|x|αν(dx) < ∞ as in Step 5 of the proof of

Theorem C, and the equalities above show that

γ̃ =

∫ 1

0

um(s)ds

(
−

∫

Rd

x|x|2ν(dx)

1 + |x|2 +

∫

Rd

x

(
1

1 + |um(s)x|2 −
1

1 + |x|2
)

ν(dx)

)
.
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On the other hand

γ̃ =

∫ 1

0

um(s)ds

(
γ +

∫

Rd

x

(
1

1 + |um(s)x|2 −
1

1 + |x|2
)

ν(dx)

)
.

Hence

0 =

∫ 1

0

um(s)ds

(
γ +

∫

Rd

x|x|2ν(dx)

1 + |x|2
)

.

Since
∫ 1

0
um(s)ds > 0, we obtain γ = − ∫

Rd x|x|2(1 + |x|2)−1ν(dx). Hence µ ∈ D(Φf ).

Step 6. The same as Step 6 of the proof of Theorem C.

Step 7. Let µ ∈ L∞(Rd). Then µ ∈ D(Φf ) if and only if

(19) Γ((0, α]) = 0,

∫

(α,2)

(β − α)−1Γ(dβ) < ∞, and

∫

Rd

xµ(dx) = 0,

where Γ is the Γ-measure of µ. To show this, use Theorem B′ and Lemma at the top

of this memo.

Step 8. If µ ∈ L∞(Rd)∩D(Φf ) and Γ(dβ) and λβ(dξ) are those of µ in Theorem

A, and if µ̃ = Φf (µ), then µ̃ ∈ L∞(Rd) with Lévy measure ν̃ being

(20) ν̃(B) =

∫

(α,2)

Γ(β − α)Γ(dβ)

∫

S

λβ(dξ)

∫ ∞

0

1B(rξ)r−β−1dr, B ∈ B(Rd),

∫
Rd |x|µ̃(dx) < ∞, and

∫
Rd xµ̃(dx) = 0. Recall that Γ(β − α) ∼ (β − α)−1 as β ↓ α.

Indeed,

ν̃(B) =

∫ ∞

0

ds

∫

Rd

1B(f(s)x)ν(dx)

=

∫ ∞

0

p(u)du

∫

Rd

1B(ux)ν(dx)

=

∫ ∞

0

u−α−1e−udu

∫

(α,2)

Γ(dβ)

∫

S

λβ(dξ)

∫ ∞

0

1B(urξ)r−β−1dr

=

∫

(α,2)

Γ(dβ)

∫

S

λβ(dξ)

∫ ∞

0

u−α−1e−udu

∫ ∞

0

1B(r′ξ)uβ(r′)−β−1dr′

=

∫

(α,2)

Γ(β − α)Γ(dβ)

∫

S

λβ(dξ)

∫ ∞

0

1B(r′ξ)(r′)−β−1dr′,

that is, (20) holds. It follows from (20) combined with Lemma that
∫
Rd |x|µ̃(dx) < ∞.

To see
∫
Rd xµ̃(dx) = 0, use Theorem 4.2 of [S06].

Step 9. Let us show that

(21) Φf (L∞(Rd) ∩D(Φf )) = L(α) ]
∞ (Rd).

It follows from Step 8 that the left-hand side is included in the right-hand side. Let

µ = µ(A,ν,γ) ∈ L
(α) ]
∞ (Rd) with ν represented by Γ(dβ) and λβ(dξ). Let µ0 ∈ I(Rd)
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with triplet (A0, ν0, γ0) defined by

A0 = (Γ(2− α))−1A,

ν0(B) =

∫

(α,2)

(Γ(β − α))−1Γ(dβ)

∫

S

λβ(dξ)

∫ ∞

0

1B(rξ)r−β−1dr,

γ0 = −
∫

Rd

x|x|2
1 + |x|2ν0(dx).

Then µ0 ∈ L∞(Rd) ∩ D(Φf ) by Step 7. The Lévy measure of Φf (µ0) equals ν by

virtue of Step 8. Using Proposition 2.6 of [S06], we see that Φf (µ0) = µ, since
∫ ∞

0

f(s)2A0ds = Γ(2− α)A0 = A

and since

γ = −
∫

Rd

x|x|2
1 + |x|2ν(dx) = −

∫ ∞

0

f(s)ds

∫

Rd

x|f(s)x|2
1 + |f(s)x|2ν0(dx)

=

∫ ∞

0

f(s)ds

∫

Rd

x

(
1

1 + |f(s)x|2 − 1

)
ν0(dx)

=

∫ ∞

0

f(s)ds

(
γ0 +

∫

Rd

x

(
1

1 + |f(s)x|2 −
1

1 + |x|2
)

ν0(dx)

)
.

Here we have used that ν(B) =
∫∞

0
ds

∫
Rd 1B(f(s)x)ν0(dx). This shows that µ ∈

Φf (L∞(Rd) ∩D(Φf )).

Step 10. We claim that, for any positive integer m,

(22) Φm
f (L∞(Rd) ∩D(Φm

f )) = L(α) ]
∞ (Rd).

The proof is the same as Step 10 of the proof of Theorem C except to replace L
(α)
∞

by L
(α) ]
∞ .

Final step. It follows from Step 10 that
⋂∞

m=1 Rm
f ⊃ L

(α) ]
∞ (Rd). Let us show the

converse inclusion. It follows from Step 6 that

∞⋂
m=1

Rm
f ⊂

∞⋂
m=1

Um−1(Rd) = U∞(Rd) = L∞(Rd).

Here we have used Jurek’s result that U∞(Rd) = L∞(Rd). Next, we claim that if

µ ∈ L∞(Rd) ∩R1
f , then Γµ((0, α]) = 0 and

∫
Rd xµ(dx) = 0. Indeed, if µ ∈ R1

f , then

µ has mean zero as shown in Theorem B′ and the Lévy measure νµ has expression

using λ(dξ) and hξ(u) in Theorem B′. On the other hand, if µ ∈ L∞(Rd), then νµ

has expression using Γ(dβ) = Γµ(dβ) and λβ(dξ) in Theorem A, which is rewritten
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as

νµ(B) =

∫

S

λ(dξ)

∫

(0,2)

Γξ(dβ)

∫ ∞

0

1B(rξ)r−β−1dr

=

∫

S

λ(dξ)

∫ ∞

0

1B(rξ)dr

∫

(0,2)

r−β−1Γξ(dβ),

where λ(dβ) is a probability measure on S and Γξ(dβ) is, for each ξ ∈ S, a measure

on (0, 2) such that
∫

(0,2)
(β−1 +(2−β)−1)Γξ(dβ) = const and Γξ is measurable in ξ. In

fact, Γ(dβ)λβ(dξ) = λ(dξ)Γξ(dβ). Now use the uniqueness of the polar decomposition

in Lemma 2.1 of [BMS06]. Thus, if µ ∈ L∞(Rd) ∩R1
f , then there is a positive finite

measurable function c(ξ) such that λ(dξ) = c(ξ)λ(dξ) and that, for λ-a.e. ξ,

hξ(r) = c(ξ)−1rα+1

∫

(0,2)

r−β−1Γξ(dβ) = c(ξ)−1

∫

(0,2)

rα−βΓξ(dβ).

Since hξ(r) → 0 as r → ∞, we obtain Γξ((0, α]) = 0, which implies Γ((0, α]) = 0.

This completes the proof that
⋂∞

m=1 Rm
f = L

(α) ]
∞ (Rd).
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