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The infinite (in both directions) sequence of the distributions ,u(k) of the stochastic integrals [ OOO_ C_Nt( Y dLEM
for integers k is investigated. Here ¢ > 1 and (Nt(k), Lgk)), t > 0, is a bivariate compound Poisson process
with Lévy measure concentrated on three points (1,0), (0,1), (1,¢™*). The amounts of the normalized Lévy
measure at these points are denoted by p, ¢, r. For k = 0 the process (Nt(o)7 LEO)) is marginally Poisson
and 19 has been studied by Lindner and Sato (Ann. Probab. 37 (2009), 250-274). The distributions z*) are
the stationary distributions of a sequence of generalized Ornstein—Uhlenbeck processes structurally related in
a particular way. Continuity properties of ,u““) are shown to be the same as those of ,u(o). The dependence on
k of infinite divisibility of %) is clarified. The problem to find necessary and sufficient conditions in terms of
¢, p, ¢, and r for u®) to be infinitely divisible is somewhat involved, but completely solved for every integer
k. The conditions depend on arithmetical properties of ¢. The symmetrizations of p(*) are also studied. The
distributions u(k) and their symmetrizations are ¢~ '-decomposable, and it is shown that, for each k # 0, p(k>
and its symmetrization may be infinitely divisible without the corresponding factor in the ¢~ *-decomposability
relation being infinitely divisible. This phenomenon was first observed by Niedbalska-Rajba (Colloq. Math. 44
(1981), 347-358) in an artificial example. The notion of quasi-infinite divisibility is introduced and utilized, and
it is shown that a quasi-infinitely divisible distribution on [0, c0) can have its quasi-Lévy measure concentrated
on (—o0,0).

Copyright line will be provided by the publisher

1 Introduction

Let {V;,t > 0} be a generalized Ornstein—Uhlenbeck process associated with a bivariate Lévy process { (&, n:),
t > 0} with initial condition S. That is, {V;} is a stochastic process defined by

t
Vi=e (S +/ et dns> : (1.1)
0

where {(&,n:)} and S are assumed to be independent (Carmona et al. [5, 6]). Define two other bivariate Lévy
processes {(&¢, L¢)},t > 0} and {(Uy, L), t > 0} by

( Ui ) _ ( § — D o<s<t (e7(&=8m) — 14 (& — &) —t27 ag e > (12)
Ly e + ZO<SS(€—(ES—ES_) —1)(ns —ns—) — togn .

where ¢ ¢ and o ,, are the (1, 1) and the (1, 2) element of the Gaussian covariance matrix of {(&, )}, respec-
tively. Then {V;,¢ > 0} is the unique solution of the stochastic differential equation

AV, = —V,_dU, +dL;, t>0, Vy=S, (1.3)
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the filtration being such that {V;} is adapted and {U,} and {L.} are both semimartingales with respect to it (see
Maller et. al [16], p. 428, or Protter [19], Exercise V.27). Hence we shall also refer to a generalized Ornstein—
Uhlenbeck process associated with {(&¢, 7:)} as the solution of the SDE (1.3) driven by {(U;, L;)}. Let

. < / T eten dLS) , (14)
0

whenever the improper integral exists, where £ stands for “distribution of”. If {¢;} drifts to +00 as t — oo
(or, alternatively, under a minor non-degeneracy condition), a necessary and sufficient condition for {V;} to be a
strictly stationary process under an appropriate choice of S is the almost sure convergence of the improper integral
in (1.4); in this case y is the unique stationary marginal distribution (Lindner and Maller [12]). The condition for
the convergence of the improper integral in (1.4) in terms of the Lévy—Khintchine triplet of {(&;, L;)} is given
by Erickson and Maller [8]. Properties of the distribution x4 are largely unknown, apart from some special cases.
For example, it is selfdecomposable if 7, = t and & = (logc¢)N; for a Poisson process {/V;} and a constant
¢ > 1 (Bertoin et al. [2]), or if {{;} is spectrally negative and drifts to +00 as t — oo (see Bertoin et al. [3], and
Kondo et al. [11] for a multivariate generalization). Bertoin et al. [3] have shown that the distribution in (1.4) is
always continuous unless degenerated to a Dirac measure. As observed by Watanabe [22], even more is true, as it
follows from Theorem 1.3 in the recent paper of Alsmeyer et al. [1] that the distribution in (1.4) is always either
absolutely continuous, continuous singular or a Dirac measure. In Lindner and Sato [13], the distribution y in
(1.4) and its symmetrization was studied for the case when {(&;, L:)} = {((log ¢)N¢, L)} for a constant ¢ > 1
and a bivariate Lévy process {(N¢, L:)} such that both { N;} and {L;} are Poisson process; the Lévy measure of
{(Nt, L)} is then concentrated on the three points (1,0), (0,1) and (1, 1).

In this paper we extend the setup of our paper [13], by defining a sequence of bivariate Lévy processes
{(Nt(k)7 Lﬁk)), t>0}keZ=1{..,-1,0,1,...}, in the following way. The process {(Nt(k), Lgk))} has the
characteristic function

E[ei(let(k)"’Z?Lik))] = exp {t/ (ei(zlwl'””’z) — 1)1/(k) (dz)|, (z1,20) € R?, (1.5)
R2

where the Lévy measure v(¥) is concentrated on at most three points (1,0), (0,1), (1,c*) with ¢ > 1 and

u=vP{(L0)}), v=rP{0,1}), w=rP{EcM).

We assume that v +w > 0 and v +w > 0, so that {Nt(k)} is a Poisson process with parameter « + w and {L,(fk)}
is a compound Poisson process with Lévy measure concentrated on at most two points 1, ¢~* with total mass
v+ w. In particular, {LEO)} is a Poisson process with parameter v + w. We define the normalized Lévy measure,
which has mass

U v w
p=—/——, ¢4=—F———, IT=—"—
U+ v+ w uU+v+w u+v+w
at the three points. We have p,q,7 > 0 and p + ¢ + r = 1. The assumption that u + w > O and v + w > 0 is
now written as p + r > 0 and ¢ + r» > 0. We are interested in continuity properties and conditions for infinite
divisibility of the distribution

PO, ( / N dLgM) ker (1.6)
0

For k = 0 the distribution ,u(o) is identical with the distribution . 4, studied in our paper [13]. As will be shown
in Proposition 2.1 below, p(¥*1) is the unique stationary distribution of the generalized Ornstein-Uhlenbeck
process associated with {((log c)Nt(k), Lgk))} as defined in (1.1), while (%) appears naturally as the unique
stationary distribution of the SDE (1.3) driven by {((1 — c’l)Nt(k), L,Ek))}. The fact that {(Nt(k), Lgk))} is
related to both 1(*+1) and 1(*) in a natural way explains the initial interest in the distributions ;(*) with general
k € Z. As discussed below, they have some surprising properties which cannot be observed for & = 0.
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In contrast to the situation in our paper [13], where ;(?) was studied, continuity properties of ;(*) are easy
to handle, in the sense that they are reduced to those of 1(?); but classification of x(¥) into infinitely divisible
and non-infinitely divisible cases is more complicated than that of ;(?). We will give a complete answer to this
problem. The criterion for infinite divisibility of ;«(*) depends on arithmetical properties of ¢. It is more involved
for k < 0 than for k > 0. If k < 0 and ¢’ is an integer for some positive integer j, we will have to introduce a
new class of functions haﬁ(x) with integer parameters o > 2 and v > 1 to express the criterion. In the case that
k < 0and ¢/ is not an integer for any positive integer 7, the hardest situation is where ¢/ = 3/2 for some integer
j. In this situation, however, we will express the criterion by 149 explicit inequalities between p, ¢, and r. Our
method here is to express the criterion by a countably infinite set of inequalities and then to show that if the first
149 inequalities are satisfied, then the other inequalities are automatically satisfied. There remains the possibility
that the number of inequalities for the criterion could be reduced. It will be also shown that, for p, ¢, and r fixed,
the infinite divisibility of (%), k € Z, has the following monotonicity: if x(*) is infinitely divisible for some
k = ko, then p(*) is infinitely divisible for all k > ko. Further, if p > 0 and 7 > 0, then x(*) is non-infinitely
divisible for all k sufficiently close to —oo. The case where ;) is non-infinitely divisible for all k € Z is also
characterized in terms of the parameters.

The investigation of the law x(*) is related to the study of ¢~ '-decomposable distributions. For b € (0,1) a
distribution o on R is said to be b-decomposable if there is a distribution p such that

o(z) =p(z)o(bz), zeR.

Here 0(z) and p(z) denote the characteristic functions of o and p. The “factor” p is not necessarily uniquely
determined by o and b, but it is if 7(z) # 0 for z from a dense subset of R. If p is infinitely divisible, then so is o,
but the converse is not necessarily true as pointed out by Niedbalska-Rajba [17] in a somewhat artificial example.
The study of b-decomposable distributions is made by Loéve [15], Grincevi¢jus [10], Wolfe [23], Bunge [4],
Watanabe [21], and others. In particular, any b-decomposable distribution which is not a Dirac measure is either
continuous-singular or absolutely continuous ([10] or [23]).

We will show that, for k € Z, u*) is ¢~!-decomposable and explicitly give the distribution p(*) satisfying

i (z) = pM(2) i (¢ 2), (1.7)

where 7i*)(z) and p*)(z) are the characteristic functions of ;%) and p(*). The distribution p(*) is unique here
as will follow from Proposition 2.3 below. A criterion for infinite divisibility of p(*) for k € Z in terms of ¢,
p, ¢, and 7 will be given; it is simpler than that of 1(*). In particular, it will be shown that for every k # 0
there are parameters ¢, p, ¢, r such that the factor p(*) is not infinitely divisible while p(*) is infinitely divisible.
This is different from the situation & = 0 treated in [13], since such a phenomenon does not happen for (%),
Allowing k # 0, we obtain a lot of examples satisfying this phenomenon, and unlike in Niedbalska-Rajba [17],
our examples are connected with simple stochastic processes.

We also consider the symmetrizations 1(®) Y™ for general k € Z. Then p(*) ™ is again ¢~'-decomposable
and satisfies

ﬁ(lc) sym(z) — ﬁ(k) sym(z) ﬁ(k) Sym(cflz). (1.3)

Necessary and sufficient conditions for infinite divisibility of (%)™ and of p(*)s¥™ are obtained. In particular,
it will be shown that if & # 0, then 1(F) Y™ can be infinitely divisible without p(*) ™ being infinitely divisible,
a phenomenon which does not occur for ;(9) treated in [13]. The argument we use to characterize infinite
divisibility of ;%)™ for k € Z is new also in the situation & = 0, and simplifies the proof given in [13] for that
situation considerably.

We introduce the following notion for distributions having Lévy—Khintchine-like representation. A distribu-
tion o on R is called quasi-infinitely divisible if

0(z) = exp {ivz —az? + /(ei“ — 1 —izali_y () vo(dz) |, (1.9)
R

where v,a € R and v, is a signed measure on R with total variation measure |v,| satisfying v, ({0}) = 0 and
Jp(2* A1) |vg|(dz) < co. The signed measure v, will be called quasi-Lévy measure of o. Note that -y, a and
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U, in (1.9) are unique if they exist. Infinitely divisible distributions on R are quasi-infinitely divisible. A quasi-
infinitely divisible distribution o on R is infinitely divisible if and only if @ > 0 and the negative part of v, in
the Jordan decomposition is zero. See E12.2 and E12.3 of [20]. We shall see in Corollary 4.2 that some of the
distributions z(*), supported on R, = [0, 00), are quasi-infinitely divisible with non-trivial quasi-Lévy measure
being concentrated on (—oo, 0). Such a phenomenon does not occur in the infinitely divisible case.

In this paper ID, ID°, and ID respectively denote the class of infinitely divisible distributions on R,
the class of quasi-infinitely divisible, non-infinitely divisible distributions on R, and the class of distributions
on R which are not quasi-infinitely divisible. When characterizing infinite divisibility of p(*), p(F)  p(k)sym
and p()sy™ we shall more precisely determine to which of the classes 7D, ID° and 1D the corresponding
distributions belong.

Without the name of quasi-infinitely divisible distributions, the property that o satisfies (1.9) with v, having
non-trivial negative part is known to be useful in showing that ¢ is not infinitely divisible, in books and papers
such as Gnedenko and Kolmogorov [9] (p. 81), Linnik and Ostrovskii [14] (Chap. 6, § 7) and Niedbalska-Rajba
[17]. We single out the class ID° for two reasons. The first is that y in 7D° has a manageable characteristic
function, which is the quotient of two infinitely divisible characteristic functions. The second is that the notion is
useful in studying the symmetrization p*™ of u. Already in Gnedenko and Kolmogorov [9] p. 82 an example of
1 & 1D satisfying ™ € ID is given in this way. It is noticed in [13] that ;(9) ™ (or p(®)y™) can be in 1D
without 11(°) (or p(©)) being in ID. We will show the same phenomenon occurs also for (*) and p(*).

Summing up, the main contributions of the paper are the following: firstly, we find and characterize properties
of stationary distributions of certain generalized Ornstein—Uhlenbeck processes, focussing on infinite divisibility
and continuity properties. Secondly, we give new examples for some phenomena observed for ¢~!-decomposable
distributions and their factors. And finally, the notion of quasi-infinitely divisible distributions is introduced and
new examples of such distributions without being infinitely divisible are obtained.

The paper is organized as follows: in Section 2 we describe the ¢~ *-decomposability of x*), k € Z, and
its consequences. Section 3 deals with continuity properties of 1(¥), k € Z. In Sections 4, 5, and 6 results on
infinite divisibility and quasi-infinite divisibility of p*) and () are given for general k, positive k, and negative
k, respectively. The last Section 7 discusses the symmetrizations.

We shall assume throughout the paper that ¢ > 1, p +r > 0 and ¢ + r > 0 without further mention. The
following notation will be used. N (resp. Np) is the set of positive (resp. nonnegative) integers. Neye, (resp.
Noaa) is the set of even (resp. odd) positive integers. The Lebesgue measure of B is denoted by Leb (B). The
dimension of a measure o, written dim (o), is the infimum of dim B, the Hausdorff dimension of B, over all
Borel sets B having full o measure. H(p) is the entropy of a discrete measure p. B(R) is the class of Borel sets
in R. The Dirac measure at a point z is denoted by 9.

2 The ¢ !-decomposability and its consequences

We start with the following proposition which clarifies the relations between {(Nt(k)7 Lgk))}, {(Nt(k*l)7 Lﬁkfl))}
and p (%),

Proposition 2.1 Let ¢, p, q,r be fixed and let k € 7. Then

k k d k— k— _log(c (k—1) _pp(k—1) o h—
(N L S (D LY 4 3T (e s @@ RN (LD - L)),

0<s<t

so that {((1 — c_l)Nt(k),Lgk))} is equal in distribution to the (rz)'ght—hand—side of (1.2) when applied with

: co— _ N . .
{(&,m)} = {(log(C)Nt(k_l),L,Ek_l))}. The integral [, c N2 AL exists as an almost sure limit, and
its distribution ;1\¥) is the unique stationary distribution of the generalized Ornstein—-Uhlenbeck process associ-
ated with {((log c)Nt(k_l), Lgk_l))} as defined in (1.1), equivalently u\*) is the unique stationary distribution of
the SDE (1.3) driven by {((1 — ¢\ )N, L))



Proof. The process {(Nt(k*l)7 Lgkfl))} is a bivariate compound Poisson process. Its jump size is deter-
mined by the normalized Lévy measure and for k € Z we have

k k d k— (N1 _ g (k=1) _ ke
(VB L) L ((NED) ST VTN () ()
0<s<t

= {(NED LD 3T (NP NET) gy - Ry,
0<s<t

giving the first relation. The existence of the improper stochastic integral follows from the law of large numbers.
The remaining assertions are then clear from the discussion in the introduction, where (1.4) was identified as the
unique stationary distribution of the corresponding stochastic process. O

Let T be the first jump time for {Nt(k)} and let
p®) = (L. 2.1)

Proposition 2.2 For k € Z the distribution u'*) is ¢~ '-decomposable and satisfies (1.7). The characteristic
function of 1\®) has expression

i® () =] A" (c ), zeR. (2.2)
n=0

Proof. By the strong Markov property for Lévy processes we have

/ ML) = 1) 4 ! / V=N g ® _ B,
0 T+

d 1 (k) o1 T N ey
S 4e / N dr k),
0

where {(Nt(k)/,LEk)')} is an independent copy of {(Nt(k),Lgk))}. This shows (1.7) and hence p(®) is ¢~1-
decomposable. Since (1.7) implies

-1
A (z) =a®(ct2) [[ oW (e ), zeR, 1eN,
n=0
we obtain (2.2). O

Proposition 2.3 For k € 7 the distributions p*) and u\®) satisfy the following.

PP =" g b+ Y G O (2.3)
m=0 m=0
-~
p_’_relc z
PI() = e (2.4)
[e'e) - —k—n
=R +T6ZC z
i*(z) = Zﬁ, (2.5)
n=0 qe
-~ -~ p r ic k2
A =) (S 4 o), 26)
W)y = L _pkt(py 4 kDB _ k) Be B[R 2.7
u()pﬂ,u ()+p+ru (B—c™"), BeBR), 2.7
- (k) l1—q
’u(k-s-l)(z) - M(k)(c lz)?q@iz' 2.8)

Further, the distribution p*) is uniquely determined by u\®) and (1.7).
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Proof. Let 51,59, ... be the successive jump sizes of the compound Poisson process {(Nt(k)7 Lgk))}. Then

p*) = P[s

—_

= (1,0)] 80 + P[S1 = (1,¢77)] §o»

+ P[S; =(0,1),...,8, =(0,1), Spmt+1 = (1,0)] 6,

[M]8

3
Il

1

+ Y PIS1=(0,1),..., 8 = (0,1),Smi1 = (1, )] 6pppet,

[M]8

3
&

which is equal to the right-hand side of (2.3). Note that g = 1 — (p + r) < 1. It follows from (2.3) that
o0 ) o0 ) e
ﬁ(k)(z) — Z qmpezmz + Z qmrez(m+c )z’
m=0 m=0

which is written to (2.4). This, combined with (2.2), gives (2.5). It follows from (2.5) that

R ) ,reic7 z
i®(2) = lim Niﬁ
l—o00 0 1-— qew Z
o P+ reic_kz l P+ Teic_k_l_"z
o liglo D+ reic k1=l H 1— qeic_"z

n=0

b+ reic "z A+ ()
- p+r K '

k

This is (2.6). It means that ;%) is a mixture of (¥ 1) with the translation of (*+1) by ¢=*, as in (2.7). Similarly,

~ : + re' z
AtV (2) = lim [T 2 -
l—o00 o 1 —qec "#
o 1— qei07 z p+7“€i67 I=mny
- i)m 1 — get# ic—nlz
l—00 qe gt 1—gqe

which is (2.8). Finally, since

oo

D

n=0

p+T6icfk’ z
Togee L

the infinite product in (2.5) cannot be zero unless p+ rei”" "2 = 0 for some n € No. It follows that 2(*) () # 0
for z from a dense subset of R, so that p(¥) is uniquely determined by (%) and (1.7). O

3 Continuity properties for all &

Continuity properties for ;2(¥) do not depend on k, as the following theorem shows. As a consequence of Propo-
sition 2.3, u(k) is a Dirac measure if and only if » = 1. If » < 1, then u(k) is either continuous-singular or
absolutely continuous, since this is true for any non-degenerate ¢~ !-decomposable distribution (Wolfe [23]).

Theorem 3.1 Let ¢, p, q,r be fixed and let k € Z. Then:

() p'®) is absolutely continuous if and only if 1) is absolutely continuous.

(ii) ,u(k) is continuous-singular if and only if ,u(o) is continuous-singular.

(i) dim (™) = dim (p().



Proof. It is enough to show that absolute continuity, continuous-singularity, and the dimension of x(*) do
not depend on k. We use (2.7).

() If p = 0, then ;%) is a translation of (1) and the assertion is obvious. Assume that p > 0. Let p(*+1)
be absolutely continuous. If B is a Borel set with Leb(B) = 0, then u**1)(B) = 0, Leb(B — ¢~ *) = 0, and
pFHD (B — ¢=*) = 0 and hence %) (B) = 0 from (2.7). Hence 1*) is absolutely continuous. Conversely, let
1F) be absolutely continuous. If B is a Borel set with Leb(B) = 0, then *)(B) = 0 and hence ¥+ (B) = 0
from (2.7) and from p > 0. Hence ;(*+1) is absolutely continuous.

(i) We know that u(k) is a Dirac measure if and only if M(O) is. Hence (ii) is equivalent to (i).

(iii) We may assume p > 0. Let d®) = dim (u(®)). For any ¢ > 0 there is a Borel set B such that
p**t(B) = 1 and dim B < d**1) 4 ¢, Since

pOBU B+ h) = Loy (BU B+ M)+ y (B U B)

p-l—T p+T
D (k+1) T (kD) _
> B) + B) =1,

= H (B) » o (B)

we have (®)(B U (B + ¢ %)) = 1. Since dim (B U (B + ¢ *)) = dim B, this shows d*) < d(*+1)_ On the
other hand, for any € > 0 there is a Borel set E such that x(*) (E) = 1 and dim F < d®) +¢. If u*+1)(E) < 1,
then

Lu(kJrl)(E —cM <1

®)(E) < +
w(E) p+r p+r

3

a contradiction. Hence *+1)(E) = 1 and d*+1) < d(*), O

By virtue of Theorem 3.1, all results on continuity properties of 11(°) in [13] are applicable to u(¥), k € Z.
Thus, by the method of Erdés [7], (*) is continuous-singular if ¢ is a Pisot—Vijayaraghavan number and ¢ > 0
(see the survey [18] on this class of numbers). On the other hand, for almost all ¢ in (1, 0o), sufficient conditions
for absolute continuity of 11(*) are given by an essential use of results of Watanabe [21] (see [13]).

Recall that for any discrete probability measure o the entropy H (o) is defined by

H(o) =~ o({z})logo({z}),

zeC

where C is the set of points of positive o measure.
Theorem 3.2 Let ¢, p, q,r be fixed and let k € Z. We have

dim (u®) < H(p™®)/log ¢ 3.1
and
H(p™) < H(pM). (32)

More precisely,

= H(p) if k>0,
H(p") = H(pWM) if k<0andc " ¢N, (3.3)
< H(pM) ifk<0,¢c*eN andp,q,r > 0.

Proof. The inequality (3.1) follows from Theorem 2.2 of Watanabe [21]. If k > O orif k < 0 and ¢~ % ¢ N,
then, in the expression (2.3) of p(¥), all k and k 4 ¢~ * for k € N are distinct points and hence H (p(*)) does not
depend on k. For general k € Z, some of the points k& and k + ¢ % for k € Ny may coincide, which makes the
entropy smaller than or equal to H (p(!)). This proves (3.2). If k <0, ¢ * € N, and p, ¢, > 0, then some of the
points with positive mass indeed amalgamate and the entropy becomes smaller than H ( p(l)). O
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A straightforward calculation gives

H(p") = (—plogp — qlogq — rlogr)/(1 - q), (34)

with the interpretation x log z = 0 for z = 0.

Theorem 3.3 Letr < 1. If logc > (log3)/(1 — q), then u'®) is continuous-singular for all k € 7.

Proof. It follows from (3.4) that H(p™) < (log3)/(1 — q). Hence by Theorem 3.2 dim (u*)) < 1 if
loge > (log3)/(1 — q). O

4 General results on infinite divisibility for all &

We give two theorems concerning the classification of p(*) and p(*), k € Z, into ID, ID°, and 1D, The first
theorem concerns p(*) and p(¥), while the second deals with 1.(*). We also obtain examples of quasi-infinitely
divisible distributions on R with quasi-Lévy measure being concentrated on (—o0, 0).

Theorem 4.1 (i) If p = 0 or if r = 0, then p*) and 1*) are in 1D for every k € 7.

(i) If 0 < 7 < p, then p*) and ™ are in ID U ID° for every k € Z, with quasi-Lévy measures being
concentrated on (0, 00).

(i) If 0 < p < r, then p*) and p*) are in IDO for every k € Z.

V) If p=r > 0, then p'¥) and u™*) are in ID for every k € 7Z.

It is noteworthy that in this theorem the results do not depend on k and the results for p*) and p(*) are

the same. By virtue of this theorem, in the classification of p(¥) and n(*), it remains only to find, in the case
0 < r < p, necessary and sufficient conditions for their infinite divisibility.

Proof of Theorem 4.1. If r = 0, then (2.3) shows that p(¥) does not depend on k, is a geometric distribution,
and hence in 1D, which implies that 11(*) does not depend on & and is in I.D. If p = 0, then (2.3) shows that p(*)
is a shifted geometric distribution, and hence in 7D, implying that 4(*) € ID. Hence (i) is true.

Let us prove (ii). Assume that 0 < r < p. It follows from (2.4) that

p)(2) = exp |~ log(1 — ¢'*) + log(1 + (r/p)e’ %) + log )

oo
= exp Z (mflqmeimz _ mfl(ir/p)meimc_kz) +logp

m

Il
N

[M]8

= exp

(m_lqm(eimz -1) - m_l(—r/p)m(eim‘sz - 1)) + const]

3
I

and, letting z = 0, we see that the constant is zero. Hence

P (2) = exp [ /( )(em 20 (da:)] , “.1)
0,00

where v, is a signed measure given by

oo

Vo = Z [mflqmém I (71)m+1m*1(r/p)m5mc—k] 4.2)

m=1

with finite total variation. Then it follows from (2.2) that

i®) (z) = exp l /( )(eim — 1), (dz) (4.3)
0,00

8



with

V) = Z Z (M= 8 me—n 4+ (=)™ m ™ (/)" S pe—r—n] - 4.4)

n=0m=1

Notice that [, |V, | (dz) < oc. Hence p®) and p*) are in IDUIDO for every k € Z, and the quasi-Lévy
measures are concentrated on (0, 00) by (4.2) and (4.4).
To prove (iii), assume 0 < p < r. Then by (2.4) and a calculation similar to the one which led to (4.1)

. —k
14+ (p/r)e™* * ..k,
ﬁ(k)(z) - %ra
1—gqe

= exp [— log(1 — ge'®) + log(1 + (p/r)eiicikz) + logr +ic™Fz]
= exp Z m~tgme'™m? Z m= (—p/r)" —ime™Fz 4 logr +ic k2

Thus

ﬁk)(z) = exp /(ei” = Dv,m (dz) + ickz} , 4.5)
R

where
Vo) = Z m=lq" 6 + Z(—l)mﬂm_l(l)/?")m(s—mc*k- (4.6)

Clearly the negative part in the Jordan decomposition of v, is non-zero. Hence p*) € ID°. Asin (ii), this
together with (2.2) implies

i®) (2) = exp l/ (e — Dy, (dz) + i Z chny 4.7
R n=0
with
Yt = Z Z (m_lqm(sf"m + (_1)m+1m_1(p/r)méfmc*k*") : (4.8)
n=0m=1

Again we have [, |2|[v,m[(dz) < co. Hence p*) € ID U ID®. If u™ € ID, then not only v, is non-
negative but also v, is concentrated on (0, c0), since p®) is concentrated on R ;. However

/( : 2| v, (d) Z Z me P (=)™ i (pr)™
—00,0

n=0m=1
—k

Z mzz: (=p/r)" 1—c—11+p/r7é0

n=0

Thus v, is not concentrated on (0, co). It follows that p®) & ID.
To show (iv), observe that if p = 7 > 0, then p(*)(2) = 0 and i®) (2) = 0 for z = ¥ from (2.4) and (1.7),
which implies that p*) and (*) are in 7D, O

The assertion (iii) is new even in the case & = 0. In Theorem 2.2 of [13] it was only shown that ;(*) ¢ ID
if 0 < p < r by using the representation e~#(®) for the Laplace transform of infinitely divisible distributions on
R, with ¢'() being completely monotone. The present proof of Theorem 4.1 (iii) is simpler and shows even
that p(©) € 1DO.



It is worth noting that in contrast to infinitely divisible distributions, whose Lévy measure must be concentrated
on (0, 00) if the distribution itself is concentrated on R, the proof of the previous Theorem shows that the
same conclusion does not hold for quasi-infinitely divisible distributions. Even more surprising, the quasi-Lévy
measure of a quasi-infinitely divisible distribution on R can be concentrated on (—o0, 0).

Corollary 4.2 Let ¢ = 0,0 < p < rand k € Z. Then p™®) and u®) both have bounded support contained
in Ry, but the quasi-Lévy measures Vk) and V) in the Lévy—Khintchine-like representations (4.5) and (4.7),
respectively, are concentrated on (—0,0).

Proof. Since ¢ = 0, p'*) has distribution supported on two points 0, ¢=* and p(*) is a scaled infinite
Bernoulli convolution, which is supported on [0,c!=*/(c — 1)]. The assertion on the quasi-Lévy measures is
immediate from (4.5) — (4.8). O

Actually, in the Gnedenko—Kolmogorov book [9], the example in p. 81 gives, after shifting by -1, the distribu-
tion obtained by deleting some mass at the point 0 from a geometric distribution and by normalizing. It coincides
with p(® for 0 < p < 7 and ¢ > 0.

Remark. Consider o = pdy +rd; withO <p<landr=1—p. Ifp=1r=1/2,thenc € ID. If p > r, then
o € 1D with quasi-Lévy measure supported on N. If p < r, then o € I D° with quasi-Lévy measure supported
on —N. Indeed, ¢ = p(®) with ¢ = 0 and the proof of Theorem 4.1 shows this fact. By scaling and shifting, we
see that any distribution supported on two points in R has similar properties.

We have the following monotonicity property of x(*) in k.
Theorem 4.3 Let k € 7 and the parameters ¢, p, q, r be fixed. If i*) € ID, then p*+1 € ID.

Proof. Recall the relation (2.8) in Proposition 2.3. The factor (1 — ¢)(1 — ge®*)~! is the characteristic
function of a geometric distribution if ¢ > 0 and of dq if ¢ = 0, both of which are infinitely divisible. Hence the
proof is straightforward. O

5 Conditions for infinite divisibility for £ > 0

In the classification of p*) and p(*) into ID, ID°, and 1D, it remains only to find a necessary and sufficient
condition for infinite divisibility in the case 0 < r < p (see Theorem 4.1).

The results in [13] show the following for p(©) and ;(?).

Proposition 5.1 Assume 0 < r < p. () If r < pq, then p©, 19 € ID.

(i) If r > pq, then p©, (0 € 1DO.

We stress that p(9) € ID and u(°) € ID are equivalent and that the classification does not depend on c.

For k a nonzero integer, to find the infinite divisibility condition is harder. The condition depends on ¢, and
u®) € ID does not necessarily imply p(*) € ID.

Theorem 5.2 Let k € N. Assume 0 < 1 < p. Then p*) € ID if and only if ¢* = 2 and r* < pq.

Proof. For later use in the proof of Theorem 6.1 allow for the moment that k € Z. We have shown the
expression (4.1) for ﬁ(k) (z) with the signed measure 0 of (4.2). We have p(k) € ID if and only if Vo 2 0.
If s := 2c¢7* ¢ N, then p(*) € DO, since z/p<k)({2c’k}) =—-27"Yr/p)? < 0.1f2¢cF = s € N, then

PP eID o > [mT 0w +m T (=1 (/D) Smy2) =0
m=1

& (sm)'¢™ = (2m) " (r/p)*™, ¥meN,
which is equivalent to
¢ > (s/2)"/"(r/p)*, YmeN. 5.1)

Now assume that k¥ > 0. Then necessarily s = 1 and (5.1) is equivalent to ¢ > (r/p)?. Thus the proof is
complete. O



Theorem 5.3 Let k € N. Assume 0 < r < p. Then i'*) € ID if and only if one of the following holds: (a)
r < pg; (b) ! =2 forsomel € {1,2,... k} and r* < p*q.

Proof. Keep in mind the assumption 0 < r < p. If ¢ = 0, then p(¥) € I DO since it has compact support
without being a Dirac measure as shown in the proof of Corollary 4.2, hence cannot be in I D. If (a) holds, then
u®) € ID by Theorem 4.3, since u(?) € ID. If (b) holds, then ;*) € ID by Theorem 4.3, since V) € ID
by Theorem 5.2. In view of these facts and Theorem 4.1, in order to prove our theorem, it is enough to show the
following two facts:

A Ifqg>0,7>pq andc #2foralll € {1,2,... k}, then w) e 1DO.
(B) If ¢ > 0 and r> > pq, then p*) € 1DO.

Suppose that ¢ > 0 and r > pg. We have the expression (4.3) of 7i(*)(z) with the signed measure V) of

(4.4). Hence

k—1 oo
Vyte) = Z Z amOc—nm + Z Z m= g G, (5.2)
=k m=1 n=0m=1
with
am =m~'(q" = (=r/p)"™). (5.3)
Observe that
A < 0, Vm € Neven- 5.4

In order to prove (A), assume further that ¢! # 2 forall I € {1,2,...,k}. If ¢! is irrational for all [ € N, then
¢"m # ¢~ 'm/ whenever (m,n) # (m’,n’), and we see that the negative part of v, is nonzero, and hence

p®) € 1D, So suppose that ¢! is rational for some I € N and let [y be the smallest such [. Denote c* = o/
with o, 6 € N having no common divisor. As in Case 2 in the proof of Theorem 2.2 (b) of [13], let f be the
largest t € Ny such that 2¢ divides 3. Let m € Neyen and denote

NVeNgxN:e "' m' =m, m odd},

Gm = {(n',m")

H,, = {(n',m') € Ng x N: ¢"'m/ = m, m’ even},

G¥) = {(n',m) € {k,k+1,..} xN: ¢ ™' m’ = ¢ *m, m’ odd},
H® = {(n',m") e {k,k+1,...} xN: c"'m! = Fm, m/ even}.

Then (n’,m’) € G if and only if (n'—k,m') € G, and the same is true for H and H,,. Now if m € Neyen
is such that c"~*m ¢ N for all n € {0,...,k — 1} (by assumption this is satisfied in particular for m = 2), then

“(k) Z Z am’é -—nm/ km}) = Z Am!

n=km’=1 (n’,m/)EGS,lf)UHgf) (55)

<am, + Z Ay

(n’,m")eG,

If G is empty, then (5.5) gives 1,0 ({2¢7%}) < az < 0, showing that u®) € ID°. So suppose that G is
non-empty. As shown in [13], this implies f > 1 and hence (3 is even, hence « odd, and « # 1, since ¢ > 1.
Now choose m = m; = 217 for j € N. Then for each j, as shown in [13], ij contains at most one element,

and if G,; # () its unique element (n',m’) is given by n’ = jlp and m’ = m/; = ¢/om;. For j € N such that
" *m; ¢ N foralln € {0,1,...,k— 1}, (5.6)

(5.5) gives

—k amj < Oa IrLJ 07

v c "m;}) <
M(k>({ j}) o {amj + am;7 Gm7 7é @

11



Since am; + Ay, < 0 for j € N large enough such that G,,,; # 0 (see [13], p.261), we obtain p) e 1DO,

k

provided that, for large enough 5, condition (5.6) holds. If ¢, c?, ..., c* are all irrational, then (5.6) is clear. If

some of them are rational, then [y < k and cl° = « /B # 2 and
cSlom; =327 ja® ¢ N, VseN

(since o > 1 odd), and we have (5.6), recalling that ¢~ "m; is irrational if 7 is not an integer multiple of y. This
finishes the proof of (A).

Let us prove the statement (B). Since r2 > p2q implies r > pgq, we assume that ¢ > 0 and » > pg. Then we
have (5.2), (5.3), and (5.4). Since we have already proved (A), we consider only the case where ¢! = 2 for some
l € {1,2,...,k}. This [ is unique. Then it is easy to see that ¢!’ is irrational for I’ = 1,...,l — 1. Let s be the
largest non-negative integer satisfying [s < k — 1. Let m € Nyqq. We have

00 0o k—1 oo
vu ({7 m}) =37 " amGemnm ({27 mp) + D> (M) T g e ({279m})
n=km’=1 n=0m/=1
=51 +5,.

Recall that m is odd and that ¢!’ is irrational for I = 1,...,1 — 1. Then we see that S; = Y, asny,, and
S = m~1¢™. Hence we obtain

V,L(m({cflsm}) < agm +m g™ = (2m) NP = (r/p)*™) + m "
from (5.4). We conclude that if 4(*) € ID, then

0<1+¢m/2—(*/(P*q)™/2,  V¥m € Noaq,
which implies 2 < p?q. This finishes the proof of (B). O

The following corollary is now immediate from Theorems 5.2 and 5.3.

Corollary 5.4 Ifk € N, then parameters ¢, p, q, exist such that u*) € ID and p**) e 1D°.

The following theorem supplements Theorems 4.1 and 4.3.

Theorem 5.5 Assume 0 < r < p. Then i*) € ID° for all k € Z if and only if either (a) r> > p>q or (b)
p2q? < r? < p?qand c™ # 2 forallm € N,

Proof. We have u(*¥) € ID U ID° by Theorem 4.1. It follows from Theorem 5.3 that p(*) € 1D for all
k € N if and only if either (a) or (b) holds. If ) € ID° for all k € N, then p(*) € ID° for all k € Z by
Theorem 4.3. O

The limit distribution of ;%) as k — oo is as follows.

Theorem 5.6 Let c,p, q,r be fixed.

(i) Assume q > 0. Define (c*,p*, ¢*,7%) = (¢, 1 — q,¢,0) and let ) be the distribution corresponding to
1B with (¢, pt, g, %) used in place of (¢, p, q,r). Then u¥) weakly converges to 1i#®) as k — oo.

(ii) Assume q = 0. Then p'*) weakly converges to 5y as k — cc.

We remark that #(*) does not depend on k and is infinitely divisible, so that the limit distribution is infinitely

divisible in all cases, although by Theorems 4.1 and 5.5 there are many cases of parameters for which p(¥) & ID
forall k € Z.

Proof. It follows from (2.8) that

k—1

1—
7R () = 75(0) (—k | I _ -4
w (Z) 1% (C Z) L 1— qeic*nz



for k € N. Hence, as kK — oo we obtain
o

_ ~4(0)
A HH l—¢q {u (2),  a>0,

1— qezc "z
O

Remark. Let the parameters ¢, p, ¢, be fixed and {Zy,k € Z} be a sequence of independent identically dis-
tributed random variables, geometrically distributed with parameter ¢ if ¢ > 0 and distributed as dq if ¢ = 0. Let
ko € Z and X}, be arandom variable with distribution ;(%°), independent of { Zj, k > ko}. Define { Xy, k > ko}
inductively by

Xpp1 = ' Xp+ Zygr, k=koko+1,....

Then L(X}) = p) forall k > ko by (2.8), so that the x(*) appear naturally as marginal distributions of a certain
autoregressive process of order 1. The limit distributions /,Lﬁ(o) (g > 0)and 4y (¢ = 0) as k — oo described in
Theorem 5.6 give the unique stationary distribution of the corresponding AR(1) equation

Yk+1 = 671Yk + Zk+1, k € 7.

6 Conditions for infinite divisibility for £ < 0

In this section we obtain necessary and sufficient conditions for p(*) € ID and u*) € ID when k < 0 and then
derive some simple consequences of these characterizations. Again, by virtue of Theorem 4.1, we only have to
consider the case 0 < r < p.

Theorem 6.1 Let k be a negative integer. Assume 0 < r < p. Then p*) € ID if and only if 2¢*| € N and

QQCW > clkl(r/p)Q.

Proof. The proof of Theorem 5.2 shows that 4(*) € 1D if and only if s := 2¢~* € N and (5.1) holds. From
k < 0 we have s > 3 and hence

> (s/2)/™(r/p)’, YmeN & ¢ >(s/2)(r/p)’
which completes the proof. 0

The characterization when ;%) € I'D for negative k is much more involved and different techniques will be
needed according to whether 2¢7 € Neven 0r 2¢7 € Nygq for some j € N. In the first case, the characterization
will be achieved in terms of the function h,, , defined below. Let o, v € N with o« > 2. We use the function

x— Fy(x) 0<z<1

I

i{ng
Q

!

g

and the functions = — h ,(x) and z — f, (x) for 0 < z < 1 defined by the relations

OéifyFa(x) = Fa(ha,'y(x))v (6.1)
far(@) = a7 he ().
Observe that F,, is strictly increasing and continuous on [0, 1] with F,,(0) = 0 and hence h, (z) is uniquely

definable for z € (0, 1] and it holds 0 < hq ,(x) < x. The next proposition describes some properties of i,
which will be used in the sequel.



Proposition 6.2 The functions hq,  and f, ~ are continuous and strictly increasing on (0, 1] and satisfy

lim fo(2) = a2, (6.2)
fary (1) = ho (1) < a4, (6.3)
han~(1) < o 7/2(1 +a™ Y forall vy if o is large enough, (6.4)
hcx 'y(x) cx 'y—i—l( ) Vr € (Oa l]a (65)
haq(@™) > (ha~(x))", Vz e (0,1] VneN. (6.6)

Proof. Since F,, is a continuous strictly increasing function defined on [0, 1], it follows that A, - is continu-
ous and strictly increasing on (0, 1], and hence that f, - is continuous. Also observe that h, (z) — Oasz | 0
since F,,(0) = 0. From (6.1) and the Taylor expansion of F}, we obtain as = | 0,

a2 (14 0@ V) = (hap (1)) (1 + O(har ()% 1))
from which (6.2) follows. In order to show (6.3), first let us check that
Fo(a™%) > ot /(a - 1). (6.7)
Indeed, if o > 3 or v > 2, then use F,,(x) > 2% and obtain
Fola™"M > a2 = a2 s o7 /(a - 1),
since a7/?~1 > 1/(a—1)ifa > 3ory > 2. Ifa = 2and v = 1, then use Fp(x) > % +2*/2 + 2% /4 to obtain
Fo(271/4) > 272 4 972 4 974 — 0.7071 - - - + 0.25 4 0.0625 = 1.0196 - - - > 1

which proves (6.7). Since F,,(1) = a/(a — 1), we have F,(hqo ~(1)) = a'77/(a — 1). Hence (6.3) follows
from (6.7).
To see (6.4) it is enough to show that

F (™21 +a™1) >a'™7/(a—1) forall v if a is large enough. (6.8)
Since F,(z) > z?%, we have

Fo(a 21 +a ) >a(14+a 12 >a7(1+2a7h).
On the other hand,

T (a-1)=a "(1+at+0(?), a— .

Hence (6.8) holds.
To see (6.5), observe that

Fo(hay(2)) = a7 Fa(2) = a Fa(haq11(2))

by (6.1), which together with the strict increase of F7, implies (6.5).
Before we can prove (6.6), we need to show that f, . is strictly increasing. For that, let us first show that

far (@) < for(1), Vae(0,1). (6.9)

Suppose, on the contrary, that fo (o) = fa.q (1) for some o € (0,1). Then o™ Fa (o) = Fa(faq (0)0) =
Fa(f(x,'y(l)ﬁﬁo), that is,

o0
S aTMaT — fan (122" > 0.
n=0



Let
o0
G(xﬂ’(g) = Z O‘_n(a_’y - flL’Y(l)Za )4-2(& _1)7 f S [Oa 1]
n=0
Then G, ~(z0) > 0 and G, ~(1) = 0, which follows from =7 F,, (1) = F,(fa,,(1)). But we have

Gl (&)= 20" —1)a (a7 = fa, (1> "D >0, £€(0,1), (6.10)

n=1
since
a - fary(l)hn >a - fa,’y(l)m >a 7 —a />0

for n > 1 by (6.3). This is absurd. Hence (6.9) is true.
Now we show that f, . is strictly increasing on (0, 1]. Suppose that there exist z; and x5 in (0, 1] such that
1 < xg and fo o (21) > fo~(x2). Then
a_’YFoz(xl) = Foc(fary(xl)xl) > Fa(fa7’7(x2)xl)v
aivFa(SQ) = Fa(fa7’)’(z2)x2)7

that is,
oo %)
— —n_2a" —-n 2a™, 2a™
e’ "g T E a " fan(z2)** 21,
n=0 n=0
oo o
— —n_2a" —n 2a™, 2a™
@ WE a T :E " fony(22)™ @™
n=0 n=0
Define

Hony(€) =D a7 = fay(@2)*" )"0 g eo,1].
n=0

Then we have H, ,(x1) > 0 and H, (22) = 0. On the other hand, noting that f, ~(z2) < fa,,(1) by (6.9),
we can prove H, rlx,’y (&) > 0 in the same way as the proof of (6.10). This is a contradiction. Hence f, - is strictly
increasing.

Finally, (6.6) is proved. Indeed, this is trivial for n = 1, and for n > 2 we have

(ha,'y(m))n = (fa,fy(x))nxn <a M /Agn < a2 < fa(z")z™ = h(y,,y(x"),
noting that f, (z) is strictly increasing and using (6.2) and (6.3). O

Now we give the classification when ) € ID for k < 0 and 0 < r < p. As usual, for z € R we shall
denote by |z ] the largest integer being smaller than or equal to x, and by [x] the smallest integer being greater
than or equal to x.

Theorem 6.3 Let k be a negative integer. Assume 0 < r < p.

() If 2¢7 & N for all integers j satisfying j > |k|, then n®) € 1DO.

(i) Suppose that ¢/ € N for some j € N. Let | be the smallest of such j and let o = ¢, 3 := [|k|/l] and h, s
be defined by (6.1). Then \*) € ID if and only if ¢ > 0 and

has(@®) > r/p. (6.11)

(iii) Suppose that 2¢7 € Nyaq for some j € N with j > |k|. Then ¢/’ & N forall j' € N, and j € N satisfying
2¢7 € Nyqq is unique. Let o = ¢?. Then 2ac € Nogqq and 2o > 3.
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(iii); Suppose that 2cc > 5. Then %) € 1D if and only if
¢** + (r/p)** > a(r/p)*. (6.12)

(iil)y Suppose that 2ac = 3. For m € N, denote by t(m) the largest integer t' such that m is an integer multiple
of 2!, and write a,, := m~'(¢™ — (—r/p)™). Then u*) € ID if and only if

t(m)
> agerig-en > (2m) 7 (r/p)*™, Vm e {1,...,149}. (6.13)
s=0

Proof. For all cases (i) — (iii) observe that we have (4.3) and (4.4) since 0 < r < p. Therefore

) [e'e) |k| oo
Vo = DD U Semnr + > D ()T (r/p)™ B (6.14)
n=0m’'=1 s’'=1m’'=1
with
= (m') " g™ = (—=r/p)™). (6.15)

We have u(®) € ID if and only if 1,0 > 0.
To prove (i), assume that 2¢/ ¢ N for j > |k|. Consider l/#(k)({chkl}). Let E = {s € {1,2,---, k| —
1}: 2¢% € Nyqq}. Since 2¢7 ¢ N for j > |k|, (6.14) gives

Vo0 ({2¢51}) < —(r/p)?/2+ D" (2¢) 7 (r/p)*"

sek

But since E contains at most one element, we have

> 2e) 7 /p)* < (r/p)?)/2,

seE

so that v, x) ({2¢*1}) < 0. Hence pu®) € 1D°.
Let us prove (ii). Assume that ¢/ € N for some j € N and let [, cr, 3 be as in the statement of the theorem. If
g=0orif g > 0andr > pg, then u(®) & ID and hence (¥} & ID by Proposition 5.1 and Theorem 4.3. Since

ha,ﬁ(qas) < q’lﬁ < g for ¢ > 0, condition (6.11) implies r < pg. Hence we may assume ¢ > 0 and r < pq from
now on, which in particular implies a,,» > 0. Hence

Vu(ky({z}) > 0 for all z of the form z = 2mc®

® e 1D 6.16
. withs € {1,...,|k|}, m € N. (6.16)
Fors € {1,...,|k|} and m € N denote
g(s,m) := Z Agmestn — Z (2m)"te ™ (r /p)Pme”.
n€Ng:2mestneN ne{0,...,s—1}:2mem €N
If z = 2mc® with s € {1,...,|k| — 1} and m € N, but cannot be written in the form z = 2m/c* with m’ € N
and s’ € {s+1,...,|k|}, then 2mes ™ & Noyen for s’ € {s+1,...,|k|}, and hence by (6.14)
v ({2})
1 a—s!
Z Z A9mes+n — Z W(r/p)2mc — g(s’m) (617)
n€Np:2mestmeN s’e{l,...,s}:2mes =" €N
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If z = 2mc!*l with m € N, then

v ({2})
DI D SR
- 2mel Kl n omclkl—s 1P (6.18)
n€Ng:2melkl+7 eN s'€{1,...,|k|}:2mclkl=s" €N
= g([k[,m).
We claim that for s € {1,. .., |k|} we have

ars/n)

g(s,m) >0, VmeN &  hernlq >r/p. (6.19)

Once we have established (6.19), then (6.16) and (6.18) show that (6.11) is necessary for ,u(k) € ID, while (6.16)
— (6.18) show that it is also sufficient, since monotonicity of h, /7 and (6.5) imply

als/t of

o
) > ha,[s/l-\ (q ) > ha,ﬁ(q

To show (6.19), observe that for j € No we have ¢/ = o /! e N if and only if j is an integer multiple of [, and
that ¢’ is irrational otherwise. From this property, we see that

o [(s—=1)/1] ,
m) = yparmnar = Y (2m) e (r/p)*me

n’/=0 n’=0

Observing that | (s — 1)/l] = [s/l] — 1, we have for s € {1,...,|k|} and m € N,

g(s,m) >0
D P [y >2ma“”“”} > r% ~_(r/p)2me”
= 2mals/HHn 1 e - 9man - P

n=0
)
o a—[s/l]za—n mal® /” >Za n T/p
n=0

s o s/1]
& o PME(q ) = Fa((r/p)™)
mal®/! m
<~ h(x,(s/l] (q ) > (T/p)

Now (6.19) follows from property (6.6) of h,, 5/, completing the proof of (ii).

ha,(s/l](q ), Vsée {1,,|/€‘}

Let us prove (iii). Assume that 2¢7" € Noqq for some 5 € N with j” > |k|. Let j be the smallest positive
integer such that ¢/ € Q. Then ¢/’ € Q with j' € N if and only if 5/ is an integer multiple of j. We have ¢/ & N,
since 2¢7” € Nyqq for some §" € N. Denote ¢/ = a’/b’ with a/,b' € N having no common divisor. Then
2cM = 2(a’ V)" & N for all n € N with n > 2. Hence ¢’ ¢ N for all j/ € N and 2(:1“ e Nyaq if and only if
§' = j, sothat j = j”. As in the proof of (ii), if ¢ = 0, or if ¢ > 0 and > pq, then u*) & ID. On the other
hand, (6.12) for 2ac > 5 clearly implies » < pq, and as will be shown later in Equation (6.27) in the proof of
(iii)y, (6.13) implies ¢* > (r/p)?(5/4)'/7. Hence we may and do assume ¢ > 0 and r < pq from now on (this
assumption will not be needed when (6.27) is derived from (6.13) in (iii),). In particular, a,,» > 0 for m’ € N,
and (®) € ID is characterized by the right-hand side of (6.16). But as follows from the discussion above and

the fact that j > |k|, if z = 2mc® with s € {1,...,|k|} and m € N, then z = ¢*'m/ for ' € {1,...,|k|} and
m’ € Nif and only if s’ = s and m’ = 2m. Further, since ¢**™ € Q for s € {1, ..., |k|} and n € Ny if and only
if s +n = (s +1)j for some s’ € Ny, in which case 5" = a1 (6.14) gives

van(@meh) = 3T g = @m) 7N/ (6.20)

s’€Ng:2mas’+1eN

for s € {1,...,]k|} and m € N. Observe that this quantity does not depend on s. Denote by t(m) the largest
integer ¢’ such that m is an integer multiple of 2¢, and observe that 2ma® ! = (20)* *127%'m € N with
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s’ € Ny if and only if s’ < ¢(m) due to the assumption 2ac € Nyqq. From (6.16) and (6.20) we hence conclude
that
t(m)
pBelD < Z Aamast1 > (2m) 7 (r/p)*™ for all m € N. (6.21)
s=0

(iii); Now assume that b := 2o« > 5. If u*) € ID, then (6.21) with m = 1 gives (6.12), so that (6.12) is
necessary for () € ID. To show that it is also sufficient, assume that (6.12) holds for the rest of the proof of
(ii1);. We first claim that we have

¢ > (r/p)* + (r/p). (6.22)

Indeed, if b > 7, then (6.12) gives

&> (5~ 0/) 2 20 /) = (r/0)" + (/)

which is (6.22). If b = 5, consider the function ¢ : R — R, z +— (5/2)x? — 2. Then ¢'(z) = 5x(1 — %),
so that ¢ is increasing on [0,1]. But ¢ ((3/4)'/3) ~ 1.4 > 1, so that (5/2)(r/p)? — (r/p)® > 1 whenever
r/p > (3/4)'/3. But since ¢ < 1, it follows that (6.12) for b = 5 implies 7 /p < (3/4)/3, and hence (6.12) gives

¢ = [(r/p)” + (r/p)*] = (3/2)(r/p)* = 2(r/p)° = (3/2)(r/p)* [1 = (4/3)(r/p)’] = 0,

which is (6.22) also in the case b = 5.

Denote d := blog(qp/r), 6 := (b—2)log(p/r), and define the functions @1, s : R — R by ¢y (z) = e +1
and o () = (b/2)e’®, respectively. Observe that 1 (0) = 2 < (b/2) = ¢2(0). Further, (6.12) gives (1) >
2(1), and (6.22) shows that d > 0. Let zo € (0, 1] be the point satisfying ¢1 (xo) = @2(z0) and @1 () < p2(x)
for z € [0,x0). Then ¢ (x0) > @h(x), that is, de(?=9%0 > §b/2, which implies de(¢=* > §b/2 for z > .
Hence, for all x > xq, ¢} (x) > ¢5(z) and @1 (z) > @2(x). This gives

bm b —9m
(%) +1Z§(p/7“)(b D™ € Noga,

so that ap,, > (2m)~1(r/p)?™ for m € Nyqq which is the right-hand side of (6.21) for m € Nyqq. Hence it

only remains to show that the right-hand side of (6.21) holds for all m € Neyen, too. Since Zig) Gomas+1 >
2ma = Abm, DY induction it is enough to prove the following for m € N:

If apyy, > (Qm)*l(r/p)Qm, then aspy, > (4m)*1(7"/p)4m. (6.23)

So assume that ay,, > (2m)~1(r/p)?™. If m € Neyen, this means that ¢°™ — (r/p)’™ > (b/2)(r/p)*™, and it
follows that

G = g [ = (/)] [+ (/)]
> ﬁ(r/p)% [q"™ + (r/p)"™]
> /" (o) = ()

where the last inequality follows from (6.22). If m € Ngqq, then ap,, > (2m)~!(r/p)>™ means that ¢*™ +
(r/p)’™ > (b/2)(r/p)?>™, so that
1

am = [0+ (r/p)"™] [ = (r/p)"™]
> ﬁ(r/p)”” [¢"™ = (r/p)"™]
> L(r/pytm,
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where the last inequality follows from the fact that (6.22) implies

¢ > [(r/p)"™ + (r/p)>m ]

This completes the proof of (6.23), and it follows that (6.12) implies the right-hand side of (6.21) for all m € N,
so that (6.12) is also sufficient for u(k) elD.

(iii), Now assume that b := 2« = 3. Clearly, (6.13) is nothing else than the right-hand side of (6.21) for
m < 149, showing that (6.13) is necessary for u(k) € ID. For the converse, assume that (6.13) holds (without
assuming a priori that 7 < pq). Then (6.13) applied with m = 2 gives ag + ag > 47! (r/p)*, which is equivalent

to
q¢° +(2/3)q° = (3/2)(r/p)* + (r/p)° — (2/3)(r/p)°.
But since ¢ < 1 and r/p < 1, this implies

5/3> (r/p)* [3/2+ (r/p)* — (2/3)(r/p)°] = (r/p)* [3/2+ (r/p)* — 2/3]. (6.24)
Using z* [5/6 + 22| > 1.6686... > 5/3 for z > (13/14)'/4, (6.24) gives
r/p < (13/14)Y4, (6.25)

Applying (6.13) with m = 75, i.e. using ages > 15071 (r/p)159, gives

1/75

¢ = (r/p)* [3/2— (r/p)"] (6.26)
An application of (6.25) shows that

32— (/™)™ = [3/2— (1371074 "7 = 372 - 0249117 > (5/4)/7,
which together with (6.26) results in

g* > (r/p)(5/4)". (6.27)

Now if m > 150, it follows from (6.25) that

3/2 + (r/p)™]"/™

IN

[3/2 + (13/14)7”/4} o

IN

1/150 .
[3/2 + (13/14)150/4} = (1.2498..)Y/75 < (5/4)1/75.

Together with (6.27) this shows that
¢ > (r/p)?[3/2+ (r/p)™]V™, m > 150.

But for m even, m > 150, the last equation is equivalent to asz,, > (2m)~!(r/p)>™. On the other hand, if m is
odd and m > 150, then (6.27) gives

Lq3m >

o (r/p)*™,

asm = =— [¢*" + (r/p)*"] >

1 1 ) 1
- - m 5/4 m/75 >
—- (/) /4 2
where we used (5/4)? > 3/2 in the last inequality. Hence we obtain for m € N, m > 150, that
t(m)

> azeig-epm > agm > (2m) " (r/p)*",
s=0

so that (6.13) implies the right-hand side of (6.21). Hence (6.13) is sufficient for ,u(k) € ID, completing the
proof. O



Remark. The condition (6.12) in Theorem 6.3 means as, > 271(r/p)? for a,, of (6.15), which together with
j > |k| completely characterizes when p®) € ID in the case of (iii); when 2« > 5. This is different in the case
20 = 3 of (iii)y. Here, the condition az, > 27!(r/p)? is not enough to ensure that p®) € ID. For example,
if ¢> > 1/2 and r/p = (13/14)'/4, then az, > 27 (r/p)?, which is (6.13) for m = 1, but u*) ¢ ID, since
(6.13) for m = 2 implies (6.25) as shown in the proof of (iii),. Nevertheless, there seems room to reduce the 149
conditions of (6.13) to a smaller number, but we shall not investigate this subject further.

The following corollary gives handy sufficient and handy necessary conditions for ;%) € ID.

Corollary 6.4 Let k be a negative integer and assume that 0 < r < p.

(i) Suppose that ¢# € N for some j € N. Let | be the smallest of such j and let o = ¢! and 3 := [|k|/l]. Then
@ > aP/*(r/p) is a necessary condition for p*) € ID, while @ > aP/2(rp) is a sufficient condition for
w*) € ID.

(ii) Suppose that 2¢’ € Nyqq for some j € N with j > |k|, and let « = ¢I. Then ¢® > r/p is a necessary
condition for p\*¥) € ID, and q® > a'/?(r/p) is a sufficient condition for p'®) € ID. If 2a > 5, then
q® > (o — 1)Y2(r/p) is another necessary condition for u*) € ID.

Proof. To prove (i), observe that f, g is strictly increasing by Proposition 6.2, so that
0™ < g hep(q”") < a7

for ¢ € (0, 1) by (6.2) and (6.3). The assertion now follows from (6.11).

To prove (ii), observe that by (6.21) a necessary condition for (¥} € ID is that age,, > (2m)~1(r/p)>™ for
all m € Nyqq. The latter condition is equivalent to

[q2a (p/’f’)2] " + (T/p)(2a72)m Z «, Vme I\Ioddv

which shows that ¢>* > (r/p)? is a necessary condition for (*) € ID by letting m tend to infinity. It is
immediate from (6.12) that ¢® > (a — 1)/2(r/p) is necessary for %) € ID if 2o > 5. If 2a > 3, then j > ||
and ¢* > o'/?(r/p) imply

|k| j
@ > ¢* =¢* >alr/p)? > M (r/p)?,

so that ¢® > a'/2(r/p) is a sufficient condition for p(*) € I D by Theorem 6.1 and hence for p(*) € ID. O

Remark. Tn the case of Corollary 6.4 (i), another necessary condition for u¥) € ID is that ¢” > of/2(1 +
a=1)7L(r/p), provided « is large enough. The proof is the same but using (6.4) instead of (6.3). Compare with

the sufficient condition ¢@ > a4/ 2(r/p).
The following corollary is immediate from Theorems 4.1, 6.1 and 6.3.
Corollary 6.5 If k is a negative integer, then parameters c, p, q, r exist such that u\¥) € ID and p®*) € I1D°.
The following Theorem complements Theorems 4.3 and 5.5.

Theorem 6.6 Let ¢ > 1 and p,q,r be fixed such that p,r > 0 and p # r. Then there is ky € Z such that
p*) € IDO for all k € Z with k < k.

Proof. By Theorem 4.1 it only remains to consider the case 0 < r < p. Since a sequence {ji,k € N} of
integers tending to oo such that 2¢’* € N for all k can only exist if ¢/ € N for some j € N, Theorem 6.3 (i) gives
the assertion unless ¢/ € N for some J € N. In the latter case, let o and [ be defined defined as in Theorem 6.3 (ii)
and By, := [|k|/]. Then 5, — oo as k — —oo and hence h, g, (qo‘ﬁk) — 0as k — —oo by (6.1). In particular,
(6.11) is violated for large enough |k|. O
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7 Symmetrizations

In general, the symmetrization o°¥™ of a distribution o is defined to be the distribution with characteristic function
|7(2)|%. Itis clear that

if o € ID, then ¥™ € ID. 7.1
It follows from (1.7) that
ﬁ(k) sym(Z) — b\(k) sym(z) ﬂ(k)Sym(C_lz) (7.2)

for all k € Z, where p*) ™ (2) and 7i(*) %™ (2) denote the characteristic functions of p*) ™ and 1, (¥) Y™ Thus
puF)sym s again ¢~ !-decomposable. These symmetrizations have the following remarkable property.

Lemma 7.1 Define (¢',p',q',7") = (c,r,q,p) and let o'*) and '*) be the distributions corresponding to
p*) and ™) with (¢, ', q',7") used in place of (c,p, q,7). Let p'*) ™ and p/(®) Y™ be their symmetrizations.
Then

pl(k) sym _ p(k) sym’ (73)

Nl(k) sym __ u(k?) sym (74)

fork € Z.

Proof. It follows from (2.4) that

2

—kz k2

pe—icsz +r
1 — qeiz

p+ reic
1 — geiz

_r —|—peic
| 1—ge®

p(z) =

Hence p/ (k) sym gpnd p(k) SY™M have an identical characteristic function, that is, (7.3) is true. Then (7.4) follows as
in (2.2). ]

We also use the following general result.

Lemma 7.2 Suppose that o is a distribution on R.

(i) Ifo € IDUIDO, then 0™ € ID U IDO,

(i) If o € IDY with quasi-Lévy measure being concentrated on (0, c0), then o™ € I DO,

Proof. (i) It is clear that if o satisfies (1.9) with 7, a and v, then o™ € ID U I DO satisfying (1.9) with
Y™ = 0,a™™ = 2a and Vysym given by vysym (B) = vy (B) + v, (—B) for B € B(R).

(ii) If o € ID°, then a < 0 or v, has nontrivial negative part. Hence it follows from the proof of (i) that
if a < 0, then a®™ < 0, and if v, has nontrivial negative part and is concentrated on (0, c0), then o*¥™ has
non-trivial negative part. In both cases it holds o*Y™ € 1D, O

Theorem 7.3 Let k € 7.

Q) Ifp=0orifr =0, then p®) ™ and %) sy™ gre in ID.
@ii) If p # r, then p(k) Y™ and ,u(k) Y™ gre in ID U 1D,
(iii) If p = 7, then p™®) ™ and ;) sy™ qre in 1D,

Proof. (i) and (ii) are clear from Theorem 4.1 (i)-(iii) and Lemma 7.2, while (iii) follows from the fact that
p*)(2) and hence 7i’*)(z) have zero points for p = 7 by (2.4). O

In studying infinite divisibility properties of p(¥)y™ and p(¥)sy™  we will only consider whether they are
infinitely divisible or not in the case where

p>0, >0, and p#r, (7.5)

as we have Theorem 7.3.
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Theorem 7.4 Let k € 7 and assume (7.5). Let p''®) and 1//*) be defined as in Lemma 7.1.
@) p*)sy™ e ID if and only if p'*) € ID or p'®) € ID.
(i) p®sym ¢ 1D ifonly if n'®) € ID or '™ € ID.

Proof. The ‘if” part of (i) follows from (7.1) and (7.3). To see the ‘only if” part, suppose that p(¥)sy™ ¢ TD.
If r < p, then p*) € 1D U ID° with quasi-Lévy measure being concentrated on (0, c0) by Theorem 4.1 (ii), and
p®) e ID from Lemma 7.2 (ii). If » > p, then ' < p’ and the same reasoning for p’*) combined with (7.3)
shows that p’ (¥) € ID. Hence (i) is true. We obtain (ii) in the same way. ]

We can now give necessary and sufficient conditions for p(*)sy™ and ;(¥)sy™ being infinitely divisible. For
k = 0in (i) below, the corresponding conditions were already obtained in Theorem 2.2 of [13], but thanks to
Theorem 7.4, a new and much shorter proof can now be given for that part of Theorem 2.2 in [13].

Theorem 7.5 Let k € Z and assume (7.5).

() Let k = 0. If (r/p) A (p/r) < q, then p(O =™ ;O)sy™ ¢ D Conversely, if (r/p) A (p/r) > q, then
p(O) sym Iu(O) sym < 1 DO,

(ii) Let k > 0. Then p™™) ™ € ID if and only if ¢* = 2 and (r /p)* A (p/7)? < q.

(iii) Let k > 0. Then u*)y™ € 1D if and only if one of the following holds: (a) (r/p) A (p/r) < ¢; (b) ¢! = 2
forsomel € {1,2,...,k} and (r/p)® A (p/7)? < q.

(iv) Let k < 0. Then p*)™ ¢ ID if and only if 2¢'*! € N and ¢* > (1/2)[(r/p)? A (p/r)?] for | = 2¢/¥1,

(v) Let k < 0. If 2¢7 & N for all integers j satisfying j > |k|, then pn(®)sy™ ¢ 1DO,

(vi) Let k < 0. Suppose that ¢/ € N for some j € N. Let [ be the smallest of such j and let o = ¢, 3 := [|k|/I]
and h., g be defined by (6.1). Then 1*)™ ¢ ID if and only if ¢ > 0 and ha’g(qaﬂ) > (r/p) A (p/r).

(vii) Let k < 0. Suppose that 2¢’ € Nyqq for some j € N with j > |k|. Then j is unique. Let o« = ¢/ and
suppose that 2 > 5. Then )™ € 1D if and only if ¢** + ((r/p) A (p/7))** > a((r/p) A (p/7))2.

Proof. All assertions are immediate consequences of Theorem 7.4, Theorem 4.1, and the corresponding re-
sults obtained earlier. For (i), use Proposition 5.1, for (ii) Theorem 5.2, for (iii) Theorem 5.3, for (iv) Theorem 6.1,
and for (v) — (vii) use Theorem 6.3. O

Conditions for y(¥) Y™ € T D when 2¢/ = 3 with j, —k € Nand j > |k| can be written down similarly as in
(vii) above with the aid of Theorem 6.3 (iii),.

Corollary 7.6 For each k € 7.\ {0}, parameters c, p, q, v exist such that )™ € I D and p*sy™ ¢ 1DO.

The proof is immediate from Theorem 7.5. Corollary 7.6 gives symmetric examples of infinitely divisible
distributions which are b-decomposable without infinitely divisible factor, the phenomenon first observed by
Niedbalska-Rajba [17].

The next corollary gives further examples of a phenomenon first observed by Gnedenko and Kolmogorov [9],
p- 82. Its proof is immediate from Theorem 4.1, Proposition 5.1, Theorems 5.2, 5.3, and 7.5.

Corollary 7.7 For each k € Z, there is a case where p*®)y™ ¢ ID with p*) € ID° and there is a case
where ;1(F)sy™ ¢ 1D with u*) € 1D°,

Let us give the analogues of Theorems 4.3, 6.6, and 5.5.
Theorem 7.8 Let k € 7 and the parameters c, p, q, r be fixed. If f®)Y™ € ID, then p*+Dsym ¢ D,
Proof. From (2.8) follows

2

X 1—gq
~(k+1) sym — (k)sym( —1
i (z)=m (€ 2) |11 |
and the second factor in the right-hand side is an infinitely divisible characteristic function. O

Theorem 7.9 Let ¢ > 1 and the parameters p, q,r be fixed such that p > 0 and r > 0. Then there is kg € 7
such that, for every k € Z with k < ko, p*)sy™ & ID.

Proof. Forr = p, the assertion is obvious by Theorem 7.3. For r # p it follows from Theorems 4.1, 6.6 and
7.4. O
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Theorem 7.10 Assume (7.5). Then ()™ € 1D for all k € 7 if and only if one of the following holds: (a)
(r/p)?2 A (p/r)? > q; (b) (r/p) A (p/r) > q and c™ # 2 for all m € N.

Proof. Forfixed k € N, it follows from Theorem 7.5 (iii) that z(¥) Y™ is non-infinitely divisible if and only if
one of the following holds: (a) (r/p)% A (p/r)? > ¢; (b) (r/p) A (p/r) > gand ¢™ # 2 forallm € {1,2,...,k}.
Our assertion is obtained from this. O

Some continuity properties of the symmetrizations of 1(*) are added.

Theorem 7.11 Let k € Z and the parameters c,p, q,r be fixed. Then:

() p®) Y™ is absolutely continuous if and only if ;1(®) Y™ is absolutely continuous.
(i) p®) sy™ i continuous-singular if and only if /(9™ is continuous-singular.
(i) dim (p®) ™) = dim (p(©) ™),

(v) dim (pFsym)y < H(p®)sym) /loge < 2H (p™*)/log c.

Proof. It follows from (2.6) that
ﬁ(k) sym(z) — ﬁ(k+1)sym(z> |p0 + Toeicikz 27

where po = p/(p+r) and rg = /(p + ). Since

—k —

lpo + roeie*’“qz = (po + roeic*’“Z) (po + roe—ic*kz) = 2+ 12 + poro(e’ " 4 el "),
we have

= = DS (] 4 15)60 + poro(e-r + 0o )],
that is,

P (B) = (g + r)u D (B) 4 poro[uF V(B = ) 4 (B + )

for B € B(R). Hence an argument similar to the proof of Theorem 3.1 works to show (i)—(iii), since /L(k) sym
is ¢c~!-decomposable by (7.2) and hence either absolutely continuous, continuous singular, or a Dirac measure.
Assertion (iv) follows from Watanabe’s theorem [21] and E29.23 of [20]. O

The statement of Theorem 3.3 is true for x(*) ™ in place of ;(*), except that log 3 should be replaced by
2log 3.
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