MONOTONICITY AND NON-MONOTONICITY OF DOMAINS
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ABSTRACT. A Lévy process on R? with distribution p at time 1 is denoted by
XW = {Xt(”)}. If the improper stochastic integral fooo_ f(s)dXﬁ“) of f with re-
spect to X" is definable, its distribution is denoted by ®;(u). The class of all
infinitely divisible distributions g on R? such that ®;(u) is definable is denoted by
D(®y). The class D(Py), its two extensions D (P ) and De(P) (compensated and
essential), and its restriction D°(®¢) (absolutely definable) are studied. It is shown
that D.(®) is monotonic with respect to f, which means that |fs| < |fi| implies
Do(®y,) C De(Py,). Further, D°(P;) is monotonic with respect to f but neither
D(Ps) nor D(Py) is monotonic with respect to f. Furthermore, there exist y, f1,
and fy such that 0 < fo < f1, p € D(Pyp,), and p & D(Py,). An explicit example
for this is related to some properties of a class of martingale Lévy processes.

1. INTRODUCTION AND RESULTS

Let I1D(R?) be the class of infinitely divisible distributions on the d-dimensional
Euclidean space R?. For each p € ID(R?) let X = {X™ ¢ > 0} be the Lévy
process on R? satisfying E(Xf“ )) = p. Here L(Y) denotes the distribution of Y
for any random element Y. Given u € ID(R?) and a real-valued measurable non-
random function f on [0,00), we say, as in [10], that f is locally X" -integrable
if the stochastic integral |, s (5)dX§“ ) of f with respect to X® is definable for
each bounded Borel set B in [0,00) in the sense of Urbanik and Woyczynski [14],
Rajput and Rosinski [6], Kwapien and Woyczynski [5], and Sato [9, 10, 11]. We write
fot f(s)dXﬁ“) = f[O,t] f(s)dXs(“). Since this is an additive process in law, we use an

additive process modification (see [8] for terminology). For p fixed, let
(1.1) L(XW) = {f: fis locally X™-integrable}.
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Characterization of L(X®) in terms of the Lévy-Khintchine triplet of x is given in
[6, 5, 9, 10]. It is known that L(X (1)) is a generalization of Orlicz spaces, one of

whose properties is that L(X®) is monotonic. By this we mean that, if
(1.2) f1 and fy are measurable and | f5] < |f1],

then f, € L(X®) whenever f; € L(X®). Given f, denote

(1.3) D[f] = D[f;RY = {u € ID(R?): f is locally X"-integrable}.

Then (1.2) implies D[f;] C DJ[fs]. We express this property by saying that D[f] is
monotonic with respect to f.

Let u € ID(R?). We say that the improper stochastic integral of f with respect
to XW s definable if f € L(X®) and if fot f(s)ng“) is convergent in probability
(equivalently, convergent almost surely) in R? as ¢ — oo. The limit is denoted by
i (s)dXﬁ“ ). This notation will help to distinguish it from the stochastic integral
(with random integrand in general) up to infinity of Cherny and Shiryaev [2]. We

define
(1.4) o0 = ([ soixi).

Two extended notions and one restricted notion of definability of improper stochastic

0

integrals are introduced in [10, 11]. We say that the compensated improper stochastic
integral of f with respect to X is definable if f € L(X®) and if there is ¢ € R?
such that [~ f (s)dX ¥~ is definable. Here 6_, is the distribution concentrated at
—q. We say that the essential improper integral of f with respect to X is definable
if f € L(X®) and if there is a nonrandom R%valued function ¢ on [0,00) such
that fot f(s)dXé“) — @, is convergent in probability in R? as ¢t — oco. We say that the
improper integral [ F(s)dX ™ is absolutely definable if f € L(X®) and if

(1.5) /000 1C.(f(5)2)|ds < oo for all z € R

Here C),(z) is the cumulant function of p, that is, the complex-valued continuous
function on R? with C,(0) = 0 such that the characteristic function 7i(z) of u is

expressed as Ji(z) = e“#(*). For any measurable function f on [0, 00), we denote

DY(®)) = DD RY) = {u € ID(RY): f(s)dX ™ is absolutely deﬁnable} ,

0

D(0f) =D(s;RY) = {u € ID(RY): f(s)dX™ is deﬁnable} ,

0
Do (P) = Do(®s;RY) = {1 € ID(RY): compensated improper integral of f



with respect to X is definable},
Do (D) = Do(P4;RY) = {u € ID(R?): essential improper integral of f

with respect to X is definable}.

Further we denote, for u € ID(RY),

L~ (XW) = {f: f is measurable and u € D(D;;RY)}.
It is known that
(1.6) D(Df) C D(Py) C De(Pf) C De(Py).-
We are interested in the problem whether D(®;), D°(®;), D.(P;), and D (D)

are monotonic with respect to f. Clearly, ®(®) is monotonic with respect to f if
and only if, for every p € ID(R?), L=~ (X)) is monotonic.

Our results are the following.
Theorem 1.1. The class D.(Pf) is monotonic with respect to f.
Theorem 1.2. The class D°(®;) is monotonic with respect to f.

The class ®(Py) is not monotonic with respect to f. That is, for some p €
ID(RY), L>*~(X®) is not monotonic. In order to specify u, we use the Lévy-
Khintchine triplet (A,v,v) of u € ID(R?) in the sense that

1 i(z,T Z-<Z7 :C> .
Cute) = gt s) + [ (e - 1= ST i) iy,
where A is a d X d symmetric nonnegative-definite matrix, called the Gaussian covari-

ance matrix of p, v is a measure on R satisfying v({0}) = 0 and [o.(|z[> A1)v(dz) <
00, called the Lévy measure of u, and v is an element of R¢, called the location pa-
rameter of y. Sometimes we denote p = fi(4,,,). We say that a measure p on R? is
symmetric if p(B) = p(—B) for all Borel sets B.

Theorem 1.3. Let = i) € ID(RY) with A arbitrary and v symmetric.

(i) If f1 and fy satisfy (1.2) and if 1 € D(Py,), then p € D(Py,).

(i) Assume that v = 0. If fi and fy satisfy (1.2) and if p € D(Py,), then
1€ D(®yp,). That is, L7 (XW) is monotonic.

(iii) Assume that v # 0 and f 2] >1 |z|v(dx) < oo. Then Lo~ (X ™) is not mono-

tonic.

A simple example for Theorem 1.3 (iii) is the case where X* is a Brownian

motion with drift.



We ask a question whether there exist u, fi, and fy such that 0 < fo < fi,
fi € Lo (XW), and f, ¢ L® (XW). The next theorem gives more than the

affirmative answer.

Theorem 1.4. Let fi(s) be a real-valued function which vanishes on [0,a) and is
continuous on [a,o0) with some a > 0. Let u € D(Py,) \ D%(Py,). Then there is a
nonrandom open set D in [a,00) such that j & D(Py,) for fa(s) = fi(s)1p(s).

Notice that this theorem and Theorem 1.2 give a characterization of the property
that D (@) \ D°(®,) # 0.

We say that f(s) < g(s) as s — oo if there are positive constants ¢; and ¢y such
that 0 < ¢1f(s) < g(s) < eaf(s) for all large s.

Example 1.5. Let fi(s) be a locally square-integrable function on [0,00). Sup-
pose that fi(s) =< s7!
such that fszo |fi(s) — cs7!ds < oo. Then Theorem 2.8 of [11] says that the class
D(Py,) \ D°(Py,) is nonempty and that g = pya.) € D(Py,) \ D%(Py,) if and only

if Jiysq l2lv(dz) < 00, [azp(dz) =0, Jim fsto s7lds [, av(dz) exists in R? and

f;;o s71 ‘f\w|>s zv(dx)

in Example 1.7.

as s — oo and that there are positive constants ¢ and sg

ds = oo. Distributions satisfying these conditions will be given

We show that the class ©.(®y) is not monotonic with respect to f.

Theorem 1.6. Let fi(s) = s '11,0)(s). Suppose that € D(Py,) and that the Lévy
measure v of | satisfies
/ zv(dz)
|z|>s

for some j € {1,...,d} and ¢ > 0. Then there is a nonrandom open set D in [1,00)

such that j1 @ Do(®y,) for fos) = fi(s)1n(s).

Cc
~N— a5 S — OO

1.7
(1.7) log s

Here z; is the jth coordinate of x € R In Theorem 1.6 recall that p € D(®y,)
implies [, ., [z|[v(dz) < oo by virtue of Theorem 2.8 of [11].

Example 1.7. In Example 2.9 of [11] we have introduced the measure v concentrated
on {z € R?: |z| = 2,3,...} given by

v(B) = /S A(dE) Z 1g(né)a, for Borel sets B,

neZ



where Sy is a nonempty Borel set on the unit sphere {|{| = 1} satisfying Sy N (—Sy) =
0, X is a finite measure on Sy satisfying fSo EX(dE) # 0, Z is the class of all integers,

and a,, n € Z, are such that ag = a1 = a_; = 0 and, for positive integers n, m,

1 1 1
a, = — — Ca_, =0 if 2™ <n < 20mD* i odd,
n \logn log(n+1)
1 1 1 . 2 ( +1)2
a, =0, a_,=— — if 2™ < n <2V m even,
n \logn log(n+1)
1 1 1
ay = — + , a_p =20 ifn:2m2,meven,
n \logn = log(n+ 1)
1 1 1
a, =0, a_, = — + ifnz?mz,modd.
n \logn  log(n+ 1)

It is shown that ZlnD? In|a, < oo and that, for k = 3,4,.. .,
(log k)~ if 27 < k
Z nan - —1 . 2
—(log k) if 2m° < k
Thus

/|x>1 |z|v(de) = /S Md€) > Inlay, < oo,

In|>2
/ zv(dz)
|z|>s

/|> zv(dr) = s &A(dE) Z na,.

[n|>s

/ s lds
1

0o . B
Soﬁ)\(dﬁ)‘/l s ds Znan = 00,

[n|>s

Further it is shown that flt s lds f‘$|>s xv(dx) is convergent as t — 00. Let pt = 14,0,
with v = — [pa2|@|*(1 + |z[*)"'v(dz) and A arbitrary. Then [, zpu(dzr) = 0 and
p€D(@s)\D(Py,) for fi(s) = s 1.00)(5), since the conditions stated in Example
1.5 are satisfied. Choosing j € {1,...,d} such that fSo EAdE) # 0, we can apply
Theorem 1.6 to this distribution p. We can also apply Theorem 1.4 to this f; and
this p. If A =0, then the process X is a compensated compound Poisson process.

Using the measure v above, consider

v(B) =v(B) +

2log 2 /So Md€)1p(28)  for Borel sets B

and define 1 € ID(R?) by



Then

1
/ xp(de) = / xv(dr) = / zv(dz) + ) EN(dE) = 0.
R4 R4 R4 082 Js,
The distribution 7z also belongs to D (®y,) \ D%(Py,) for fi(s) = s '1j140)(s) and

Theorem 1.6 applies to iz by the same reason as for p. Theorem 1.4 also applies to
fi(s) = s M1 j,00)(s) and fi. The Lévy process X (£) associated with fz is a compound

Poisson process with mean 0.

In Section 2 we will give proofs of all theorems stated above. The process X ®
associated with p in Theorem 1.6 is a martingale Lévy process and the processes
fo s)dXs W) and fo fa(s)d X ") have intriguing properties, which we will discuss in
Sectlon 3. Applications of Theorems 1.1 and 1.2 to some types of f will be given in

Section 4. Determination of ©(®) for some f is made.

2. PrROOFS

In the following three propositions let i = 4, € ID(R?) and f € L(X®).
We present necessary and sufficient conditions for p to belong to D (®;), D°(®;), or
De(®y)-

Proposition 2.1. The following three statements are equivalent.

(a) pe 9(‘1’;*)
(b) fo z)ds is convergent in C as t — oo for each z € C.

(c) p satzsﬁes the following:

(2.1) / F(5)2(tr A)ds < oo,
(2.2) / ds/Rd F ()2 A 1)w(dz) <

23) /otf 9 (o L (e +1rx\2> V) ) ds

15 convergent in R? as t — .

Proof. See Proposition 5.5 of [10] and Propositions 2.2 and 2.6 of [11]. It follows
from f € L(X®) that ) |C,(f(s)2)|ds < oo and that

/Ot £(s) (7+ /Rdx (1 - |f1<s)x|2 = +1|x|2) y(dm)) ‘ ds < 0o

for t € (0,00), as is shown in Proposition 2.17 and Corollary 2.19 of [10]. O




Proposition 2.2. A distribution p is in D(Ps) if and only if (2.1) and (2.2) are
satisfied.

Proof. See Proposition 5.6 of [10] or Proposition 2.6 of [11]. O
Proposition 2.3. A distribution p is in ©°(®¢) if and only if (2.1), (2.2), and

(2.4) /OOO ‘f(s) <v+ /Rdf <1 n |fl(s)x|2 1 +1|:n|2) V(dx))

Proof. For fixed u € R denote by u* a probability measure such that pu*(B) =
[ 1p(uz)p(dz) for all Borel sets B. Let (A“,v",~") be the triplet of p*. Then
A" = uw?A, v*(B) = [ 1p(ux)r(dz), and

u +/ 1 1 (d )
=u ux — v(dz).
" " R L+ Jux]? 1+ |z?

1 1
1+ juxl? 1+ |z)]?

ds < 0.

Notice that

(2.5) /Rd lux|

Let

(2.6) o(u) = tr A" + / (Jx* A Dv*(dz) + |7

Rd
When u = f(s), u* and (A%, v, ~") are written as p/(*) and (Af(), () 7)) The
properties (2.1), (2.2), and (2.4) combined are expressed by

(2.7) /000 o(f(s))ds < 0.

We note that
1CL(f(8)2)] = |Cpro (2)]

P 2
< %trAf(s)+3(1+’Z|2)/ (|2 A D! (dz) + 2] [/
R4

v(dr) < /Rd ( Juzl (2l + [uz]’) v(dx) < oo.

L Juz?) (1 + [2f?)

(see, in [10], (2.5)—(2.7) and line 3 of the proof of Theorem 3.14). Hence, if (2.1),
(2.2), and (2.4) are satisfied, then (1.5) is satisfied, that is, u € D°(®;).

Conversely, assume that u € D°(®;). Then p € D(Py) and (2.1) and (2.2) follow
from Proposition 2.1. We have

ImCy(f(s)z) =ImC 0 (2) = /

Rd

(sin(z,x) — 1<_T_’—‘:ZE>’2) v (da) + (479, 2).

For fixed z,

WED T TIRE T 00), el — oo

@m>:{mm% 2] =0,



Hence it follows from (2.2) that

/ (2, )
Ré 1+ [zf?
—c. [ (f(s)af? A 1)wda),
R4
where c, is a constant depending on z. Thus we obtain
| 1676 2h1ds < o
0

from [°[Im C,(f(s)z)|ds < oo. Choosing z = (d;x)1<kga, 1 < j < d, we obtain
(2.4). 0

sin(z, x) —

Vf(s)(dx) < cz/ (|zzc|2 A 1)Vf(s)(d:v)

R4

Proof of Theorem 1.1. Use Proposition 2.2. Let f; and fy satisfy (1.2). Suppose
that p € Do(Py,). Then (2.1) and (2.2) hold with f; in place of f. Since |fa| < |f1],
it follows that (2.1) and (2.2) hold with f; in place of f. This means that u €
De(Dy,). U

Proof of Theorem 1.2. Use Proposition 2.3. Let f; and f> satisfy (1.2) and
suppose that € ©°(®y,). Using the function ¢(u) in (2.6) induced by g = pi(a,.,),

we have

(2.8) /000 o(fi(s))ds < 0.

Let us use

(2.9) o(u) = tr A" +/ (Jz*> A)v"(dx) +  sup "]
Rd veR, [v|<|ul

We have ¢(u) < ¢(u) < (3/2)¢(u) as in Proposition 3.10 of [10]. Thus (2.8) is

equivalent to

(2.10) /000 o(f1(s))ds < oo.

The function ¢ enjoys the property that ¢(fa(s)) < @(fi(s)) whenever |f(s)| <
| f1(s)]. Hence, [;°@(f2(s))ds < co. This means p € D°(Py,). O

Proof of Theorem 1.3. (i) Let f; and f, satisfy (1.2). Assume that g € D.(®y,).
Then there is ¢ € R? such that pu*d_, € D(Py). Thus [;° fi(s)?Ads < oo,
[ ds [l fi(s)z]* A Du(dr) < oo, and [y fi(s)(y — q)ds is convergent, since v is
symmetric. We may and do choose ¢ = 7. Then we see that p* d_, € D(Py,). It
follows that © € ©.(Py,).

(ii) Look back to the argument above with 4 = 0. Then the proof is evident.



(iii) Let

0 ifo<s<1
fi(s)=4( st if n<s<n+1withn odd
—s57 ! if n <s <n+1with n even

and let fo(s) = s ' 1[00)(s). Then |fo] = |f1]. Applying Theorem 2.8 of [11], we see
that fo & L7 (XW) since v # 0 = [ #|z|*(1 + |z[*)"'v(dz). On the other hand,
fi € L7 (X W) by virtue of Proposition 2.1. Indeed, [;°ds [o.(|fi(s)z]* AL)v(dz) <

oo by the same reasoning as in the proof of Lemma 2.7 of [11], and

Avﬂﬁ(7+A;x(LH£@MP_1+L%)yw@>dr:AUﬂQ@%

which is convergent in R? as ¢t — oco. Hence L~ (X®) is not monotonic. O

Proof of Theorem 1.4. Let (A,v,7) be the triplet of . We use an R%-valued

function

@) 6=+ [ 50 (- 1) Y

Using (2.5), we see that h(s) is continuous on [a,00). Since p € D(Py, ), we have
[ fu(s)?(tr A)ds < oo, [ ds [u(|fi(s)z]* A1)v(dz) < oo, and fat h(s)ds is conver-
gent in R? as ¢t — oo (Proposition 2.1). Since pn & ©°(®y, ), we have [ |h(s)|ds = oo
(Proposition 2.3). Choose and fix j € {1,...,d} such that [ |h;(s)|ds = oo,
where h;(s) is the jth coordinate of h(s). Define DT = {s > a: h;j(s) > 0},
D~ = {s = a: hj(s) < 0}, and D" = {s > a: hj(s) = 0}. Then D and D~
are open in [a,00). Let h}(s) = h;j(s) V 0 and hj (s) = h (s) — h;(s). We see that
[ hf(s)ds = oo and [ h7(s)ds = co. Let D = D" or D~ (either will do). Let
fa(s) = fi(s)1p(s). Then

[ (s + [ 2o (7 pmep ~ o) V) &
= [ 50o) (v+ [ o (s — 1) v ) ds

:lﬁﬂwwm&

If D= D", then fat 1p(s)hj(s)ds = f; hf(s)ds — oo ast — oo. If D = D7, then
[F1p(s)hy(s)ds = — [} hj(s)ds — —oco as t — oo. Hence [F1p(s)h(s)ds is not
convergent in R?. Hence 1 & D(®,) by virtue of Proposition 2.1. O



Proof of Theorem 1.6. Let the triplet of u be (A,v,7). In order to prove that
p & Dc(Py,) it is enough to show that, for every ¢ € R*d,

¢ 1 1
-1 — / — dr) | d
oo (ot [ (e ) ) o

is not convergent in R? as t+ — oo. Let h(s) be as in (2.11). This is an R%valued

function, continuous on [1,00). Since v = — [p. z|z[*(1+ |z|*)"'v(dx) (see Theorem
2.8 of [11]), we have

1
h(s) = o —— 1) v(dx) fors>1.
(s) /]Rd s (1 e ) v(dx) for s
Choose j as in (1.7) and let h;(s) be the jth coordinate of h(s). Since flth(s)ds is

convergent in R? as t — oo (see Theorem 2.8 of [11]), ff h;(s)ds is convergent in R.
We claim that

t
(2.12) / Ihy(s)]ds ~ cloglogt, ¢ — oc.
1
Indeed,
t t
/ |hj(s)|ds </ st / zjv(dr)|ds + I + I,
1 1 |z|[>s
where
t w(d t o112 d
I = / st / —xjy(_lx) S| ds, I = / st / zjls x|_1y( 21:) ds.
1 |z|>s 1+ ‘S LU| 1 1<|z|<s 1+ |S ‘rl
We will denote positive constants by ¢y, ¢, . ... The quantities I; and I, are bounded

in ¢, since

0o d |z| -1y
L g/ slds/ M :/ |x]1/(dx)/ S—_fQ
1 ol>s 1+ [s7 7] |z|>1 1 L+ [s7o

1 1
= / || (log |z| — = log(1 + |z|?) + = log 2) v(dx)
jo]>1 2 2

< cl/ |z|v(dx)
|z|>1
and since

[e’s) —1,.12 d oo —1|.—1 2d
L < / g / olls~'av(ds) _ / 2l(de) / s lsalds
1 <pl<s L+ [sTi] 2|1 w1+ |s7 1o

log 2
=8 / |z|v(dx).
2 Jiap

Thus we obtain, for some sy > 1,

t t
d
/|hj(5)|d5<02/ > +c3 < g loglogt + ¢4
1 , slogs

S

10



from condition (1.7). Similarly,

b ds
|h )|ds = ¢ — g = c5loglogt — cy.
s Slogs

Looking back more carefully, we see that (2.12) holds. We have, a fortiori, [, |h;(s)|ds =
0.

Now define DT, D~, D° h+( ), and h (s) as in the proof of Theorem 1.4. Then
[ R (s)ds = co and [ h; (s)ds = co. We have

2.1 1
(2.13) / pols) o= < .
because it follows from

B s Hxlv(de s~ txPu(de

)z [ eptan| - [ 2EEE [ B ald)
|z|>s |z|>s + ‘S ZL’| |z|>s + |S l”
that
0= Lpo(s)|h;(s)|ds = 1po(s) zv(dr)| — —cs
0 1 |z|>s S

slog s

o d
2 09/ 1DO(S) i — C10-
50

Using (2.13), we see that

I /t1 (s) +i /tl - oy
s S - > 1.
l?iogp loglogt J, D+18 slog s Hfiogp loglogt J, D=8 slog s

Choose D = D or D~ in such a way that

lim sup > 0.

t ds
1
o0 loglogt/ D<S)slogs
Choose t,, — oo such that (loglogt,) f2 1p(s)(slogs)~tds tends to some b > 0.
Then

1 fn d
(2.14) —/ ()% = o,
loglogt, J, S
since, for any k > 0,

1 n 1 o
/ 1D(s)§ > Lk/ 1p(s) ds — blog k.
k

loglogt, /o S loglogt, slog s

We claim that, for any choice of ¢ € R, [;" 1p(s)(h;(s) — s 'q;)ds is divergent as

n — oo. If ¢; = 0, then this is divergent since

/;"1D(S)hj<s)ds: /;nhj(s)ds or /;"h;(s)ds,

11



which diverges to oo or to —oo. If g; # 0, then

/tn 1p(s)hj(s)ds — g, /tn 1p(s)s tds
is divergent, because 2 2
/tn 1o(5)|hy(s)|ds < /t" I, (s)|ds ~ cloglog tn
from (2.12) and bec2ause of (2.14). The psoof is complete. O
3. REMARKS ON MARTINGALE LEVY PROCESSES

We have the following general result. Recall that f € L(XW) for all 4 € ID(R?)
if and only if f is locally square-integrable on [0, 00) (see [10]).

Proposition 3.1. Let X" be a martingale Lévy process on R?. Let f be locally

square-integrable on [0,00). ThenY; = fot f(s)dXﬁ“) is a martingale additive process.

Proof. Let p = pu(a,,y). We have E|Xt(“)| < o0 and

2
0=EX™ —¢ / )
t <7+ Rd 1+’$‘21/< .’L‘)

Let (A, v, 7:) be the triplet of Y;. Proposition 2.6 of [11] says that

t = t 2 A>
A /Of(s) ds

v (B) = /Ot ds /]Rd 15(f(s)z)v(dz) for B Borel with B % 0,

= [ 10 (o [ (i o) o) o

Hence, recalling that f|x

|>1 |z|v(dz) < oo, we obtain

IR jgtdstﬁ;@yd>l\113>x|v<dx>
<Kwﬂwu@wwwﬁ[wﬁwuwwmm
=[u@m4mmmm+fﬂW@A@mwm>

< Q.

Thus E|Y;| < co. Now we have

z|zf?

EY, = d
t f)/t_'_/Rd 1+|$|2Vt( x)
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:43“)6”}éf<1+ﬁcnw‘1+L%>”“Ods

o [ [ eIty

re L+ |f(s)af?

that is, {Y;} is a martingale additive process. O

Remark on Proposition 8.1. If X® is a martingale Lévy process and if f €
L(X®), it is not necessarily true that Y; = fot F(s)dX!" is a martingale additive
process. In fact, E|Y;| may be infinite. For example let X* be a compound Poisson
process on R? with mean zero. Then any measurable function f belongs to L(X®)
as Example 4.4 of [10] says. If foto |f(s)|ds = oo, then E|Y;,| = oo, because, choosing
a > 0 such that 0 < f\a:|>a |z|v(dz) < oo for the Lévy measure v of X*) | we have, for

the Lévy measure v, of Yy,

/£:>1Lxh40(dx)== jCthS(/;(Q$:>1|f(s)x|y(dm)

>/ mmm/ F(s)lds = oo,
|z|>a [0,to]N{[f(s)|>1/a}
which implies that E|Y;,| = occ.

Remark on martingale additive processes related to Theorem 1.6. The Lévy pro-
cess X associated with p in Theorems 1.6 is a martingale, that is, it satisfies
E|Xt(“)| < 0o and EX™ = 0. Consider the case d = 1. Let h(s), D%, D=, and D°
be as in the proof of Theorem 1.6. Thus

1 1
h(s)=s"" - — dz) fors>1
(s)=s 'y+/|z|>23 x (1+(31x)2 1—|—x2> v(dz) for s

and D', D=, or DY is the set of s > 1 at which h(s) is positive, negative, or zero,

respectively. Let
t
Y;:/ 5—11[1100)(8)61)(8(“),
0
t
W:/shm@ﬁw for p = +, —, 0.
0

Then {V;}, {V;*}, {V; }, {V°}, and {V;* +Y,} are martingale additive processes, as

is shown in Proposition 3.1. We can show that

(3.1) V' - 00 and Y, — —co as. ast — oo,
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(3.2) Y, Y+ Y, and Y are convergent in R a.s. as t — oo,

(3.3) E|Yao_| = 0.

These are remarkable behaviors. If A = 0, then each of ;" and Y, is the compen-
sated sum of the jumps of X in the union of some nonrandom time intervals with
some nonrandom weights. For these behaviors it is essential that the Lévy measure
is nonsymmetric and close to symmetric. Theorem 1.3 (ii) says that martingale com-
pound Poisson processes with symmetric Lévy measures do not exhibit this kind of
behaviors.

Proof of (3.1)-(3.3) is as follows. Let the triplet of Y be (AY, P ~7) for p =
+,—,0. Then

t
Af:/ s *1pr(s)ds A,
1

t
v(B) = / 1Dp(s)ds/ 1p(s 'z)v(dr) for B Borel set with B Z 0,
1 R

P = /1 L (5)h(5)ds.

Since A} and [, (z* A 1)1} (dz) are bounded and increasing, Y — 7{ is convergent in
probability as t — co. Since it is an additive process, Y} — 4% is convergent a.s. also.
Since ;" — oo and 7, — —oo (see the proof of Theorem 1.6), we obtain (3.1). We
have convergence of Y,? since 7 = 0. Convergence of Y; comes from the fact that
p € D(Py). Recalling that ¥, = Y," +Y,” + Y, we obtain (3.2). In order to see
(3.3), let vy be the Lévy measure of Y. Then

/ |:L’|l/oo(da:):/ ds/ 5L u(da)
|z|>1 1 [s—lz|>1

||
:/ |35|1/(d$)/ s_lds:/ || log |z|v(dx),
|z|>1 1 |z|>1

which is infinite by virtue of Theorem 2.8 of [11] and of the fact that u & D°(®Py,).
Hence E|Y,_| = 0.

4. APPLICATIONS

The following results are consequences of Theorems 1.1 and 1.2.

Proposition 4.1. Let f; and fo be measurable and |fo| < |fi|. If D(Pf,) = D(Py,)
or if@(q)b) = ©e<q)f2)7 then g(q)fl) - ©<q)f2)'
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Proof. In general we have (1.6). Hence it follows from Theorem 1.2 that if
D(Py,) = DDy, ), then

D(0f,) =D%(Py,) C D(Py,) CD(Dp,);
it follows from Theorem 1.1 that if D(Py,) = De(Py,), then
©<q)f1) - ®e<q)f1) - @e<q)f2) = g(q)f2)7

completing the proof. O

Example 4.2. Let f; be a locally square-integrable function on [0, 00) satisfying
fi(s) < s7Y* as s — 0o with some a € (0,1) U (1,2). Let fy(s) and f3(s) be
measurable and satisfy |fo(s)] < |fi(s)] < |fs(s)]. If a € (0,1), then D(Py,) C
D(Dys) CD(Py,). If a € (1,2), then D(Pyp,) C D(Dy,).

Indeed, we have D(®p) = DY (Py,) = De(Py,) if @ € (0,1), and D(Py,) =
D(Dy,) G De(Py,) if o € (1,2) (Theorem 2.4 of [11]). Hence Proposition 4.1 applies.

Proposition 4.3. Let f be a locally square-integrable function on [0,00) such that

there are positive constants «, c1, and co satisfying
(4.1) e L f(s) < e for all large s.
Then
D(@s) = D(0s) = De(Py) = De(Py)
. ~{ne @) [ (tog* ol o) < oo}

= {u c ID(R%): / (log™ |z))Yv(dx) < oo} :
R4
where v is the Lévy measure of pi and log”™ u = (logu) V 0.
Obviously, in (4.2), we can use (log(1+|z|))/® for |z| > 1 in place of (log™ |z])*/*.

Proof of Proposition 4.3. Let M = {,u € ID(RY): )t Jgal (log™ |z|)Y*u(dx) < oo}
Then M has the last expression in (4.2), which is a consequence of Theorem 25.3 of
8]. Let fi(s) = e %", j = 1,2. Using Theorem 5.15 of [10] for these functions, we
see that

D(Py,) = De(Py,) = De(Py,) = M, j=1,2.
Combined with Proposition 2.3 of this paper, the proof of that theorem also shows
that D°(®y,) = M. Since fo(s) < f(s) < fi(s) for all large s, it follows from Theorems
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1.1 and 1.2 that
DY) CDUPf) CDU(Pp),  De(Pp) C De(Py) C De(®y,).
Thus D°(®;) = De(P;) = M. Using (1.6), we also have D(®;) = D (P;) =M. O

Theorem 5.15 of [10] deals with a function f(s) such that f(s) =< s%e=" s — oo,
with a > 0, # € R, and ¢ > 0. This function satisfies (4.1). Thus, if we show Theorem
5.15 of [10] only for f(s) = =", then the proof of our Proposition 4.3 is obtained

and the rest of Theorem 5.15 of [10] is a consequence of our Proposition 4.3.

Example 4.4. Let f be as in Proposition 4.3. If fa(s) and f3(s) are measurable and
satisfy |fa(s)| < |f(s)] < [f3(s)], then D(Pp,) C D(Py) C D(Py,). Use Propositions
4.1 and 4.3.

Let Lo(R?) be the class of selfdecomposable distributions on R? and let L,,(R%),
m = 1,2,..., be the nested subclasses of Ly(R?) studied by Urbanik [12, 13] and
Sato [7]. The stochastic integral representation of Ly(R?) given by Wolfe [15, 16],
Jurek and Vervaat [4], and others is in the form ®; with f(s) = e~°. Further, the
representation of L,,(R?) for m = 1,2,... given by Jurek [3] can be rewritten in the
form @, with f(s) = e=es""*Y  Hence we can apply Proposition 4.3 to those cases.

Further applications related to [1] are in progress.
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