REMARKS ON POLYA’S THEOREM ON CHARACTERISTIC
FUNCTIONS

KEN-ITI SATO

1. INTRODUCTION

In 1949 G. Pdélya [9] found the following fact.

Theorem 1.1. Let ¢(2) be a real-valued continuous function on R satisfying p(0) =
1, p(—=2) = p(2), and lim, ., p(2) = 0, and being convex for z > 0.

(i) Then ¢(z) is the characteristic function of a probability distribution p on R.

(ii) Furthermore one can define
(1.1) f(z) = lim ! Cgo(z) cosxzdz = lim -1 /C ¢'(2)sinzz dz

c—00 T 0 c—00 T 0

for any x # 0. This f(x) is nonnegative and continuous and satisfies f(—z) = f(x)
on R\ {0}. The distribution p is absolutely continuous on R having this f(x) as a

density function.

We will give some remarks concerning proofs of Theorem 1.1 and show the fol-

lowing.

Theorem 1.2. Let p(z) and f(x) be as in Theorem 1.1. Then lim,_ . f(z) = 0.
If o(z) is integrable, then f(x) can be defined by (1.1) also for x = 0 and we have
lim,_o f(x) = f(0) < co. If p(2) is not integrable, then lim,_o f(x) = oco.

We will make some related comments and give an application of Theorem 1.1 to

a proof of a two-dimensional result of Kojo [6].

2. ON PROOFS OF THEOREM 1.1

The name “Pdlya’s Theorem” is usually used for the assertion (i) of Theorem
1.1. There are two methods to prove (i). One is the method of polygonal lines.
First, one notices that, for any a > 0, the tent function ¢(z) = (1 — a7 !z]) V 0
is the characteristic function of a distribution. Then one shows that, in the case
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where ¢(z) has a compact support and its graph is a polygonal line, ¢(z) is a convex
combination of tent functions. Then the limiting procedure from such functions
handles the general case. This method was given by Dugué and Girault [3] in 1955
and used in many books such as Feller [4] pp. 505,509, Berg and Forst [1] pp. 28—
29, and Billingsley [2] p.363. This method proves the assertion (i) nicely but does
not prove (ii). However, as Billingsley [2] mentions, we can give an example of an
absolutely continuous distribution with non-integrable characteristic function by this
method (in p. 363 he says “a continuous density”, but the density of such a distribution
diverges at the origin; see Theorem 1.2).

The second method is Fourier-analytic and proves (i) and (ii) simultaneously. It
is adopted by Pélya himself. First, one proves that a function f(x) can be defined by
(1.1) and is nonnegative. Let us check it in detail. It follows from the assumptions

on ¢(z) that it is nonnegative, decreasing’, absolutely continuous, and expressed as

z)zl—/ozw(u)du, z >0,

where 1(z) is a nonnegative decreasing function on (0,00). In fact, ¢(z) is differen-

tiable almost everywhere on (0,00) and ¥(2) = —¢'(z). Fix > 0. Then

1 C 1 C 1 C z
(2.1) —/ p(z)cosxzdz = —/ cosxz dz — —/ coszzdz [ P(u)du
0 T Jo 0 0

™ ™

: 1 C C

_ et —/ ¢(u)du/ cosxz dz
T T Jo u

_ sincr l/cz/z(u) (sincm B sinxu) s
T 7 Jo x x

— ¢( )sinzzdz,

™ 7TJ]

where the first term tends to 0 as ¢ — oco. Let

1 w/x .
aj(z) = —/ Y (‘7—7r + z) sinzzdz,
T Jo X

1 c
b(c,x) = — Y(z)sinzzdz,

T Jnn/a

where n = n(c, x) satisfying nw/x < ¢ < (n+ 1)7/z. Then

(j+1 7r/m
— smxzdz- z)sinzzdz + b(c,x
7TZE /

™

We use increase and decrease in the wide sense allowing flatness.
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(—1)a;(z) + b(c, ).

.
Il
o

Since 1(z) is nonnegative and decreasing, we have a;(z) > 0 and a;(x) > a;41(2).
As ¢ — o0, n tends to oo and Z;.:Ol (—1)a;(x) is convergent to a nonnegative limit

function. Since (z) — 0 as z — oo,

c (n+1)w/z
be,2)] < — / P(2)dz < - Y(2)dz =0, ¢ — oo,

TT Jnr/z TT Jnr/x

Hence we can define f(z) by (1.1) for x # 0 and f(z) is nonnegative. Obviously
f(=x) = f(x). For any choice of 0 < a < b < 0o, the convergence in (1.1) is uniform

with respect to x in [a, b]. Indeed, by the discussion above,

o0

flx)— = /chp(z) cosxzdz = Z(—l)jaj(x) +o(1),

where o(1) is uniform in [a, b] as ¢ — oo, and hence
1 (&
‘f(x) - —/ o(z)cosxrzdz
0

- < ay(z) + o(1).

This gives the uniformity in [a, b] of the convergence in (1.1), since
@) < — [0 (Z )< o () < o (o= D) < o (- T) =0
z J, T x T T T a a

as ¢ — oo. It follows that f(x) is continuous on (0,00). Next, if we prove

(2.2) /_OO f(z)dx =1,
(2.3) /_00 e f(x)dr = ¢(2), z€R,

then (i) and (ii) are true and p(dz) = f(x)dz. Concerning the proof of (2.2) and (2.3),
Pélya [9] only suggests the use of Fourier theory. This is not simple, as ¢(z) is not
always integrable. The proof of (i) and (ii) in Lukacs’s book [8] pp.83-84 says that
here one can use the result in Titchmarsh [14] p. 16 that, if g(z), z > 0, is decreasing

to 0 as z — oo and integrable on any finite interval, then, for any u > 0,

R M
(2.4) %(g(u +0)+ g(u—0)) = 2 lim CoS ux ( lim /0 g(2) cos xz dz) dr.

T €l0, R—oo c M —o0

Lukacs says that this implies (2.2) by letting g = ¢ and u = 0, but to let u = 0 is

erroneous. He also cites Riesz and Livingston [10] for a short proof of (2.4). If we look



into [10], we can find the following better result: if g(z) is a complex-valued function

of bounded variation on the line R and g(z) — 0 as |z| — oo, then

(2.5) (g(u+ O) + g(u —

N
"o ELOhRHiwo (/ / ) (M}}VIEOO /MQ(Z)e dz> dr. u € R,

where the inner limit exists except possibly at z = 0. This result gives (2.2) and (2.3)
and completes the proof of (i) and (ii) of Theorem 1. (Lukacs [8] pp. 8788 describes
also essential points of the method of polygonal lines.)

The proof of Linnik’s book [7] pp. 1314, 37-39 is also Fourier-analytic. He rig-
orously shows (i) and (ii) in the case where ¢(z) has a compact support, and then
by approximation he gives (i) for a general ¢(z). He does not try to prove (ii) in the
general case.

Let us give a simple proof of (ii), assuming the validity of (i).

Proof of (ii). We admit the existence of u with characteristic function ¢(z).
Since ¢(z) is real, p is symmetric. By Lévy’s theorem (Theorem 26.2 of [2])

(2.6) —CILI?O/ 27r/ —E g dz_.;lglolo/ / z)cosxzdz

for any 0 < a < b < oo satisfying u({a}) = pu({b}) = 0. As is explained above,
we can define f(z) by (1.1) for = # 0 and f(z) is nonnegative and continuous. The

convergence in (1.1) is uniform with respect to = € [a,b]. Hence, it follows from (2.6)

that .
M@msz@m

Therefore, on R\ {0}, p is absolutely continuous with density f(z). We have u({0}) =
1— [ f(z)dz. By the Riemann-Lebesgue theorem (Theorem 26.1 of [2]), ¢(z) tends
to u({0}) as z — oco. Hence p({0}) = 0 by the assumption on ¢(z). This finishes the
proof of (ii).

3. PROOF OF THEOREM 1.2

Let ¢(z) and f(z) be as in Theorem 1.1. Let us prove Theorem 1.2. In order to
see lim, ., f(x) = 0, recall that, for z > 0,
1 &
’f(x) - —/ o(z)cosrzdz
0

< an(x) 4+ b(e, ) + #le) < 2 W (T) i p(c)

™




< 2 (c—z>—|—@.

72 x T
Fix ¢ and let 2 — co. Then, noting that [; ¢(z) coszzdz — 0, we get f(z) — 0.
If p(z) is integrable, then

flz) = - /O " o(2) cosa dz

for x # 0 and we can define also f(0) by this formula, getting liH(l] f(z) = f(0) < 0.

Let x > 0. In general we have

lim — (z)sinzzdz >0
C—00 T 2w/

by the same reason as the proof that f(x) > 0. Hence, it follows from (1.1) that

27/ x
(3.1) flz) > %/0 Y(z)sinzzdz
™/
= % i (z/;(z) —z/z(g—i—z))sinxzdz.

Choose ¢ > 0 arbitrarily and let 0 < z < 7/c. Since 1¥(z) is decreasing, we have

flz) > i/OC <w(z) —Y (g +z>> sinzxzdz.

T

We have
1

C 1 C
— | Y(z)sinzzdz — —/ W(z)zdz, x]0
T Jo 7 Jo
since [ 4(z)dz =1 — ¢(c) < o0, and

1 C
— w(z+z>sinxzdz—>0, x |0
T Jo T

since 9 (c0) = 0. Therefore,
1 ¢ 1 ¢
h%yﬂ@>;4¢vww:;4w@ww@Ma

Since ¢(c) decreases to 0 as ¢ — 00,

im L o2 — plendz= L [

= T Jo ™ Jo

o(z)dz

by the monotone convergence theorem. Now, if ¢(z) is not integrable, then the last

integral is infinite and hg)l flx) = liml%nf f(x) = o0.



4. REMARKS AND EXAMPLES
We give some simple facts related to Theorem 1.1 and some examples.

Proposition 4.1. ([1], [5]) Let p(z) be a continuous function on R satisfying p(0) =
L, p(—2) = ¢p(z), lim,.wp(2) = p € (0,1), and being convex for z > 0. Then
©(z) = 1u(z), where pu = pdy+ (1 — p)p1 with an absolutely continuous distribution p;.

Proof. Let p1(2) = (1 —p)~(p(z) — p). Then ¢,(z) satisfies the conditions in
Theorem 1.1. Hence ¢; = ji1, where i is an absolutely continuous distribution. Let
fp=pb+ (1 =p)u1. Then f=p+ (1 —-p)p1 =¢p. O

A function is said to be log-convex if it is positive and its logarithm is convex.

Proposition 4.2. ([5]) Let ¢(z) be a continuous function on R satisfying ¢(0) = 1,
o(—z) = ¢(z), and 0 < p(z) < 1, and being log-convex for z > 0. Then ¢(z) is the

characteristic function of an infinitely divisible distribution on R.

Proof. For positive z; and z, we have

1 1
log ¢ (21 —2F z2> < 0g<,0(z1)—2F og ¢(22)

and hence

2 2
Thus ¢(z) is convex for z > 0. The function ¢(z) must be decreasing for z > 0.

? (Zl HQ) < Vo) olm) < P T el)

Hence lim, ., ¢(2) exists. Therefore, by Theorem 1.1 (i) and Proposition 4.1, ¢(z)
is the characteristic function of a distribution p. For any ¢ > 0, ¢(2)" satisfies exactly
the same conditions as ¢(z). Hence ¢(2)" is a characteristic function. It follows that

w1 is infinitely divisible. [J

We call functions ¢(z) in Theorem 1.1 and Proposition 4.1 characteristic functions
of Pdlya type, and functions ¢(z) in Proposition 4.2 characteristic functions of log-
Polya type. As we have seen above, log-Pdlya type implies Pdlya type.

It is known that there is an infinitely divisible distribution with Pélya type char-
acteristic function which is not of log-Pélya type (Keilson and Steutel [5] p. 246).

Proposition 4.3. Let u be an infinitely divisible distribution on R with characteristic
function i(z) of log-Pdlya type.

(i) Then, for any a € (0,00), there is an infinitely divisible distribution p, with
characteristic function of log-Pdlya type such that py # p and [i(z) = p(z) for

z € [—a,al.



(i) If the given distribution p is not Cauchy, then, for some a € (0,00), there
1s an infinitely divisible distribution pe with characteristic function of log-Pdlya type
such that ps # p and is(z) = [(2) for z € [—a,al.

Proof. Let logfi(z) = ¥(z). Given a > 0, we can construct a continuous function
() different from v(z) such that ¥(0) = 0, 1(—z) = (), ¥(2) is nonpositive and
convex for z > 0, and ¢(z) = 1(z) for 0 < z < a. Indeed, if 1(z) is not linear for

a < z < b for some b > a, then let

Wz) = P(z) for z € [0,a] U [b, o0)

P(a) + () = P(a))(z —a)/(b—a) for z € (a,b);
if ¥(z) = —c(z — a) + ¢¥(a) with ¢ > 0 for z > a, then let 0 < a < 1 and let
~ W(2) for z € [0, a]
w(Z) - -1 —a o
cata(l —a 2% +¢(a) for z € (a,00).

This proves (i). In order to show (ii), choose a > 0 such that ¢(z) is not linear for

z € [0,a], and make () changing the part for z € [0, a] linearly. I

Proposition 4.4. Let ¢(z) be a Pdlya type characteristic function. Suppose that
there is € > 0 such that ¢(2) is strictly convex for z € (0,e). Then the density f(x)
corresponding to o(z) satisfies f(x) > 0 for all x € R.

Proof. Tt follows from the assumption that the function v (z) is strictly decreasing

for z € (0,¢). Hence the inequality (3.1) gives the positivity of f(x). O

Proposition 4.5. Let p be a distribution with Pélya type characteristic function.
Then [ |z|p(dx) = oo. If moreover u is infinitely divisible, then its Lévy measure v

satisfies [, |z[v(dz) = oo.

Proof. If [|z|u(dx) < oo, then fi(z) is differentiable on R. But 7i(z) is not
differentiable at z = 0. This proves the first assertion. The second assertion fol-
lows from the first because, for an infinitely divisible distribution u, the properties
[ z|p(dz) = oo and f‘$|>1 |z|v(dx) = oo are equivalent ([11] Theorem 25.3). O

Remark 4.6. Distributions with Poélya type characteristic functions are not necessar-
ily unimodal. Indeed, for a > 0, the tent function ¢,(z) = (1—a"!|z|) V0 corresponds
to the density f,(z) = (1 — cosaz)/(max?) ([2] p. 358, [4] p.503, [8] p.85) and this
is not unimodal as it has zero points. The next simplest Pdlya type characteristic

function is ¢(z) = ppa(z) + (1 — p)ep(2) with 0 < p < 1 and 0 < a < b. In this case



the corresponding density function is f(z) = pf.(z) + (1 — p) fo(x). If, for example,

b = 2a, then it is easy to see that f(x) is not unimodal.

Proposition 4.7. There is a non-unimodal infinitely divisible distribution with log-
Polya type characteristic function. Such a compound Poisson distribution exists; also

such a distribution with infinite Lévy measure exists.

Proof. Let v be a non-unimodal distribution with Pélya type characteristic func-
tion. Let p(z) = exp(P(z) — 1). Then, for any ¢t > 0, ¢(2)" is a log-Pdlya type
characteristic function. Let p; be the corresponding infinitely divisible distribution;
¢ is compound Poisson and v is the Lévy measure of pq. If ¢ is sufficiently small, then
¢ is non-unimodal. Indeed if, on the contrary, there is a sequence ¢,, | 0 such that p,
is unimodal, then v must be unimodal with mode 0 by virtue of Wolfe’s theorem ([11]
Theorem 54.1). Now choose ¢ sufficiently small, consider ¢(z)'e™**" with 0 < o < 1
and s > 0, and then let s be sufficiently small. This is again of log-Pdlya type (see
Example 4.8); the corresponding distribution is non-unimodal and its Lévy measure

has infinite total mass. [J
Example 4.8. ([2], [4], [7], [8]) If

(4.1) pl2) = "
with 0 < o < 1, then ¢ is a characteristic function of log-Pdlya type. If 1 < o < 2,
then the function ¢(z) of (4.1) is a characteristic function but not of Pélya type.

These are symmetric a-stable distributions.
Example 4.9. ([7]) Let
1

+2) o) = T

with 0 < @ < 1. Then ¢(z) is a characteristic function of log-Pélya type. Thus it

corresponds to an infinitely divisible distribution. Indeed, for z > 0,

a—1
1 =— <
(log ) 12 <0
az?*? —a(a —1)z072
1 "= > 0.
( 0g 30) (1 n Za)g

When « = 2, (4.2) is the characteristic function of a symmetrized exponential dis-
tribution, which is infinitely divisible. Also when 1 < o < 2, ¢(z) of (4.2) is the
characteristic function of an infinitely divisible distribution, which is proved by Lin-

nik [7] p.40 by complex-variable method. But the fact that (4.2) gives an infinitely



divisible characteristic function for 0 < a < 2 is a consequence of the observation that
it appears in subordination of the symmetric a-stable process by the I'-subordinator
(see [11] p.203). These are called Linnik distributions or geometric stable distribu-

tions of index 0 < av < 2.
As a consequence of Theorem 1.2, the Linnik distributions of index 0 < a < 1
<2,

they have densities bounded and continuous on R, as their characteristic functions

have densities continuous on R\ {0} and divergent at 0. In the case of index 1 < «

are integrable.
The subordination representation shows the selfdecomposability of the Linnik
distributions with index 0 < a < 2 by the result of [12] p.324. Hence they are

unimodal with mode 0 by Yamazato’s theorem [15].

Other interesting properties of the classes of Pdlya type characteristic functions
and of log-Pdlya type characteristic functions are discussed in Keilson and Steutel [5]
pp- 245-249 and Steutel and van Harn [13] p. 205 et seq.

We do not know whether all infinitely divisible distributions with Pdlya type

characteristic functions have absolutely continuous Lévy measures.

5. KOJO’S RESULT

Kojo [6] found the following interesting fact. Let R? be the 2-dimensional Eu-
clidean space, whose elements are column vectors x = (z1,x2)’, the prime denoting
the transpose. Let S = {&€ = (£1,&)" € R?: €% 4 &2 = 1}, the unit circle in R?, and
let S ={&=(&,&) € 5:& >0, & > 0}

Proposition 5.1. Let 0 < o« < 1. Let X\ be a finite measure on Sy with A(Sy) > 0.

Let p be the symmetric a-stable distribution on R* with characteristic function
(5.1)  f(z1,22) = p(21,22) = exp {—2 ) |21&1 + 2&|*ANdE) |, (21,2) € R
Define §(z1, 22), (21, 20)" € R?, as follows:

o2 R VRt

Then ©(z1,22) is the characteristic function of a symmetric a-stable distribution ji
on R? such that i # p.



Remark 5.2. In the proposition above define A* by \*(B) = A(—B) for Borel sets
B. Then

Ji(21, 22) = exp {— /S 2161 + 2&| " A+ X)(dE) |, (21,22) € R%

The measure A + \* is the so-called spectral measure of the symmetric a-stable dis-

tribution p. The description of the spectral measure of 1 is not known.

We give a proof of Proposition 5.1, using Theorem 1.1. This is essentially the
same proof as Kojo’s in [6]. The idea of the proof is entirely Kojo’s, although he does

not use Theorem 1.1.

Proof of Proposition 5.1. If we prove that ¢(z1, z3) is the characteristic function
of some distribution zr on R?, then f is symmetric a-stable because @(—zy, —23) =
P(21, 20) and $(z1, 20)t = P(tY/ %21, t1/%2y); moreover i # p since @(21, 20) # (21, 22)
if 2129 < 0. (Note that |21&; — 22&s| > [21&1 + 22&2| for & > 0, & > 0 if 2725 < 0.)

In order to prove that ¢(z1, 22) is a characteristic function, we may assume that

A is concentrated at a point, that is,
(5.3) ©(21,22) = exp(—=b|z1& + 2262]%), (21,2) € R?

with b > 0 for some fixed & > 0 and & > 0. Indeed, if it is proved that @(z1, 29) is
a characteristic function in this case, then @(z1, z2) is a characteristic function in the
case where X is concentrated to a finite number of points, and then the general case
is handled by limiting procedure.

Now we assume (5.3). We have ¢(21, 22) = ¢(—21, 22) = @(21, —22) = @(—21, —22).
Let

¢(21, ZQ) = —b(Zlfl + 2252)0[ for z; > 0, z0 > 0.

We denote the partial derivative with respect to z; by putting the subscript j. Thus,
for z; > 0 and 29 > 0,

Vi, (21, 22) = —ba(xn & + 2252)a_1§j1 <0,
Ui (21, 22) = —ba(a — 1) (2161 + 2262)72E;,&5, = 0,

where ji, 72 € {1,2}. In general, for n > 1,

(54) (—1)n1/1j1...jn(21722) >0 forz; >0, 29 >0, T, ,Jn € {1,2}

10



On {z; > 0, 23 > 0}, we obtain, from ¢ = ¥ and from (5.4),
P = ewwﬁ <0,
Piria = € (Vs + Yija) > 0,

and, in general,

Pijrefin = 6¢ Z C<k17 O kn; n(1)7 <o 7n(l_1) )¢k1 kn(l)¢kn(l)+l K 77Z)1€n(l 1417 kn>
where the summation is over 1 <7< n, 1 <n(l) <n(2) <--- < n(l —1) < n, and
sequences (ki, ks, ..., k,) which are identical with (ji,...,j,) up to the order. Here
C(ki,...,ko;n(1),...,n(l — 1),n) is a nonnegative integer. If n is odd (resp. even),
then each term in the summation is nonpositive (resp. nonnegative). Moreover the

term 1;,v;, - - -1;, appears with coefficient 1. Hence
(5.5) (=1)"@j jp(z1,22) >0 for 21 >0, 20 >0, j1,- -+, jn € {1,2}.
The function ¢(z1, z2) is integrable on {z; > 0, 2o > 0}, since
Y(21,22) < —271b<(21§1)a + (2262)7).
Also @j,...;, (21, z2) s integrable on {z; > 0} for fixed z5 > 0 and on {2, > 0} for fixed

z1 > 0.
Define f(x1,z5) for (xl,xz)’ € R? as

(56) f([L'l,CL’Q / / Zl,Zg) COS X121 COSTo29 ledZQ

Then f(z1,x9) is continuous and f(x1,22) = f(—x1,22) = f(21, —22) = f(—x1, —22).

If we prove

(5.7) f(x1,22) 20,

(58) / / f .Thl’z d$1d$2 = 1,

oo o
4/ / f(zq, x9) cos w121 COS To2o drydae = @(21,22) for z1 20, 20 > 0,
o Jo
then the proof is over, since (5.8) implies

(5.10) / f(x1, zo)drrdas =1

o) —00

and (5.9) implies

(5.11) / / f (2, xg)et@r21+@222) 4o o

= 4/ / f(1,15) cos 212 cos Tazo drydae = §(21,22), (21, 22) € R%

11



So, our task is to prove (5.7)-(5.9). Let
1 oo

(5.12) for(x2) = —/ ©(21,0) tp(21, 22) cos waza dzy  for 21 =0, x5 € R.
T Jo

By (5.5), ¢(z1,0)7'@(21, 22) satisfies the conditions of Theorem 1.1 as a function of

2. Hence, for z; > 0, 20 > 0,

(5.13) fa(22) >0,
(514) / le ZEQ dl’Q = 1
(5.15) @(21,0)_190(2’1, zy) = 2/ fa1 (72) cos wa25 dxy.
0

We have used Proposition 4.4 for (5.13). Let

1 o0
(5.16) Juy(21) = —/ ©(z1, 29) COS Toza dzg  for z1 > 0, xg € R.

T Jo
Then g.,(z1) = ¢(21,0) f., (z2) > 0 and

0? 1 [

(5.17) a—Z%gxz(zl) = i ©11(21, 29) COS Tazo dze  for z; > 0.

By virtue of (5.5), ¢11(21, 22) is positive and convex as a function of zy > 0. Thus,
applying Theorem 1.1 to ¢11(21,0)  p11(21, 22), we obtain (92/02%)g,(21) = 0 from
(5.17). That is, g, (21) is convex for z; > 0. Now we can apply Theorem 1.1 to
G25,(0)7 g2, (21). The property (5.7) follows from this, since

1 o0
f(zy,x0) = %/ G, (21) COS 127 dz1.
0
Also we have
(5.18) 2/ gm(())_lf(xl,asg)dxl =1,
0

(5.19) 925(0) 7 gy (1) = 2/ 92y (0) 7" f (@1, 2) cos zyz1d1.

0

From (5.14), (5.18), and g,,(0) = fo(z2), we get

/ / f ZL’l,CL’Q dl’ldlﬁg = 2/ f() ZEQ dlL‘Q = ]_

that is, (5.8). From (5.15), (5.19), and g.,(21) = ¢(21,0) f., (z2), we get

oo o0 o0
4/ f(xy,29) cos w12y cos xoze dridry = 2/ Gz, (21) COS Ta2o dxoy = (21, 22),
o Jo 0

that is, (5.9). This completes the proof.

12
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